TEARED PAGES AND 
DAMAGE BOOK 
WITHIN THE BOOK 
ONLY 



w > 

LU < 

> K 

^ CQ 


03 p 

OU 1 56503 >m 

— -n n 






CAMBRIDGE MATHEMATICAL SERIES. 


NOTES ON 

EOULETTES AND GLISSETTES. 



CambriKge: 

ntlNTED BY C. J. CLAY, M.A. AND SONS, 
AT THE UNIVERSITY PRESS. 



NOTES 


ON 

BOULETTES AND GLISSETTES. 


BY 


W. II. BEgAJIT, D.Sc., F.R.S., 

FELLOW OP 8T JOIIN’s COLLEGE, CAMBRIDGE. 


SECOND EDITION ENLARGED. 


CAMBRIDGE: DEIGHTONT, BELL AND CO. 
LONDON: GEOKGE BELL AND SONS, 
yOEK STREET, COVENT GARDEN. 


1800 




PREFACE TO THE FIRST EDITION. 


T he following pages contain the explanation of • methods, 
and the investigation of formulae, which I have for some 
time past found useful in the discussion of the curves pro- 
duced by the rolling or sliding of one curve on another. 

These methods and formute are with a few exceptions 
original, and, I believe, new; and my object has been to 
present, from a geometrical point of view, solutions of the 
various problems connected with Roulettes and Glissettes. 
I have ventured to introduce, and employ, the word Glissette, 
as being co-expressive with Roulette, a word which has been 
in use amongst mathematicians for a considerable time. 

The formula of Art. (34) is of course well known ; it 
is given in Salmon’s Higher Plane Curves, in Walton and 
Campion’s Solutions, in Jullien’s Problems, in Bertrand’s 
Differential Calculus, and probably in many other books. 

The theorem of Art. (87) was enunciated some years 
ago, for the particular case of a conic, by Mr Wolstenholme, 
and extended by myself to the case of any curve. I have 
however recently found a reference to it in the Nouvelles 
Annales for June, 1869, from which it appears that it was 
given by Stl^iner in an early number of the same journal. 
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PREFACE. 


For the incisive method of Art. (78) I am indebted to 
Mr Ferrers. 

It will be seen that the general formula of Art. (50) in- 
cludes most of those which precede it, while it is itself 
included in that of Art. (77), and that the theorem of Art. 
(60) reduces all cases of motion in one plane to the cases of 
Articles (50) or (77). 

In a future tract I hope to produce some further deve- 
lopments of the ideas which arc here somewhat briefly 
treated. 

W. H. BESANT. 

December, 1869. 


PKEFACE TO THE SECOND EDITION. 

These ^ Notes ’ have been out of print for a long time, 
and I have frequently been requested to produce a new 
edition, but, until recently, I have not been able to find the 
requisite time for the purpose of doing so. 

I have made considerable additions to the text and the 
examples, but, as these notes by no means constitute an 
exhaustive treatise on the subject, I retain the original 
title. 

I am much indebted to Mr A. W. Flux, Fellow of 
St John's College, for kind assistance in the revision of 
proof sheets. 

W. H. BESANT. 

April, 1890. 
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PRELIMINARY REMARKS ON 

INFINITESIMALS. 


1. An infinitesimal is a quantity which, under certain 
assigned conditions, vanishes compared with finite quantities. 

If two infinitesimals vanish in a finite ratio to each other, 
they are said to be of the same order. 

Thus, if 6 vanish, sin 6 and 6 are of the same order, as are 
also sin md and tan nd. 

If two infinitesimals, a and y8, are such that the ultimate 
ratio of to is finite, ^ is said to be of the second order 
if a be of the first order. 

Thus, 1 — cos 0, when 0 vanishes, is of the second order 
if 0 be of the first order. 

And, generally, an infinitesimal which has, ultimately, a 
finite ratio to the 7-th power of another is said to be of the 
rth order if that other be of the first order. 

The order of an infinitesimal is, d priori, arbitrary and 
conventional ; but, if any standard be fixed upon, the orders 
of all others are determinate. 

2. Consider figure (1), in which 0 is the centre of a 
circle, and AP a small arc; PN, PL perpendiculars on OA 
and on the tangent at A, and Q the point in which OP pro- 
duced ineetStAi. 


B. R. 


I 
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Then, if OA = a, and A OP = it can be shewn by Trigo- 
nometry that, when d is indefinitely diminished, 


AL^ PL _ I QL _ 1 
AP~^^ AP''2a^ AP~'2a^^ 


PQ-PL__^ 
~ AP 


Therefore, if AP is an infinitesimal of the first order, AL 
is of the first order, PL of the second, QL of the third, and 
PQ — PL of the fourth. 


3. If a is an infinitesimal of the first order, 

+ :: X : Vy ultimately, 

Xa^ -f- /xa'^ is of the second order : 

and generally, it will be seen that the order of an infinitesimal 
is not affected by the addition to it of an infinitesimal of any 
higher order. 

If AP' is a small arc of a curve, and AP an equal arc of 
its circle of curvature at A ; then PP’ is of the third order, 
and therefore, so far as quantities of the second order are 
concerned, P' may be taken to be coincident with P. 


4. If APy AQ are two infinitesimal arcs, of the first order, 
of two curves touching each other at Ay and if APy AQ be 
equal, or ultimately equal to each other, the distance PQ 
is of the second order, and therefore, so far as quantities of 
the first order are concerned, P and Q may be taken to be 
coincident. 

It will be seen that all the preceding theorems are con- 
tained in, or deducible from, the 7th and 11th lemmas of the 
first section of the Principia, 

Thus, from Lemma XL, if APy AP' are two infinitesimal 
arcs of a curve of the same order, and Pi, P'L the corre- 
sponding perpendiculars, 

PL : PL :: AP^ : AP'\ 



EOULETTES. 


5. When a curve rolls on a fixed curve any given point 
in the plane of the rolling curve describes a certain curve, 
which is called a roulette. 

Under the same heading vve shall also include the curves 
enveloped by any given lines, straight or curved, which are 
carried with the rolling curve. 

In dealing with roulettes the following is a fundamental 
theorem. 

If a curve roll on a fixed curve, the line joining the 
point of contact ivith any point Q in the plane of the rolling 
curve is the noi^rnal to the path of Q. 

For, as the curve rolls, the point of the curve, P, in con- 
tact with the fixed curve, has no motion, and the whole area 
is, at the instant, turning round P : hence the direction of 
motion of Q, i.e. the tangent to its path, is at right angles 
to QP, and QP is the normal. (Sec fig. 2.) 

6. Centre of curvature of roidette. 

If PP', Pp are equal infinitesimal arcs of the fixed and 
rolling curves, so that Q,p rolls into the position Qj P' (as in 
fig* Q P' consecutive normals of the roulette, and 

E, the point of intersection of these lines, produced if neces- 
sary, is the centre of curvature at the point of the roulette. 

7. We commence with two particular cases as illus- 
trations. 


1—2 
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If a circle roll on the inside of the circumference of a 
circle of doahle its radius ^ any point in the area of the rolling 
circle traces out an ellipse"^. 

Let G bo the centre of the rolling circle, and E the point 
of contact (fig. 3). 

Then, if the circle meet in Q, a fixed rad ins of the fixed 
circle, the angle EGQ is twice the angle EGA, and therefore 
the arcs EQ, EA are equal. 

Hence when the circles touch at A, the point Q of the 
rolling circle coincides with J., and the subsequent path of 
Q is the diameter through A, 

Let P be a given point in the given radius GQ, and draw 
RPN perpendicular to OA ; 

then, OQE being a right angle, EQ is parallel to PP, and 
therefore GR = (7P, and OR is constant. 

Also PN : RN :: PQ : OP; 

therefore the locus of P being a circle, the locus of P is an 
ellipse, whose semi-axes are 

00+ OP and 00- OP. 

8. Properties of the ellipse are deducible from this 
construction. 

Thus, the point E being the instantaneous centre, PE is 
the normal to the ellipse at the point, and Pl\ perpendicular 
to it, and therefore parallel to OP, is the tangent. 

A circle can be drawn through EPQ1\ since EP1\ EQT 
arc right angles ; but the circle through QPE clearly passes 
through P, 

therefore, the angle ORT is a right angle and 
OF : OR :: OR : OT 
or 0F.0T=0R\ 

a known property of the tangent. 

* Appendix to Geometrical Conics ^ first edition, fS69. 
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Again, if PF meet OQ in 0, the angles PQG, PFQ are 
equal, being on equal bases, EQ^ OQ ' ; 

PG : PQ :: PQ : PF 
or PG.PF=PQ^ = OR'\ 

a known property of the normal. 

9. To find the intrinsic equation of a cycloid. 

If the circle BPQ rolls along the straight line AP, the 
diameter BQ originally coinciding with AO (hg. 4), the point 
Q traces out a cycloid of which 0 is the vertex. 

QP is the normal at the point. Q of the cycloid, and if Pp 
is an elementary arc of the circle, Qp turns into the position 
Q'P'> so that Q'P is the consecutive normal, and the point 
E is the centre of curvature. 

P'p being of the second order of infinitesimals, the points 
p and P' may be taken to be coincident, and if PGp = B0, 
PQp = h^e. 

As the circle turns through the angle Qp turns 
through the same angle, and therefore QpQ' B0 \ hence it 
follows that QEQ' = and therefore, ultimately, QE= 2QP. 

If the arc QQ' = Bs, we have 

Ss = 2PQ . = 2« cos 1 8(9, 

and, QP being the tangent Q, the angle </> of deflection 
= BPQ = i0; 

Bs = 4a cos </>S(/> 

and 5 = 4a sin <^, 

measuring s and (j) from the point 0, and the tangent at 0. 

10. A cu 7 've rolls on a straight line ; it is required to find 
the roulette traced hy any point Q. 

Let the curve roll from 0 to P, the point A passing 
over the point 0. (See fig. 2.) 
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Taking 0 as the origin, and OP as axis of Xj let x, y, be 
co-ordinates of Q. 

Then, if AQP = 6, QP = r, 

tan QPN = - 7 - = r 7 - , 
ay dr 

and 2 / = rsiriQPiV=r 


Hence, if the polar equation referred to the point Q, 
r = / {6)f is given, we have three equations from which r 
and 6 can be eliminated, and the resulting equation will be 
the differential equation to the path of Q. 


Or, if the arc AP s) be found in terms of 6, we may 
employ the equations 

x — s — r cos NPQ = s - , 

ds 

y = r sin QPN = ^ , 

and the elimination of r and 0 will give the ecpiation in x 
and y, to the path of Q. 


If the rolling 
we have 


curve is given by the equation p — /(r), 


p = QN = r 


dx 
ds ^ 


/. since p = y, 



is the roulette. 


11 . The two theorems following will be found of great 
use in the discussion of roulettes. 

If 0 is the deflection of the tangent at any point P of a 
curve from the tangent at a fixed point of the curve from 
which the arc is measured, and if p is the perpendicular from 
a fixed point (0) on the tangent at P, then 
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(1) The perpendicular from O on the normal ^ measured 

in the same direction as the arc, is equal to ^ if the curve is 

1 

concave to the point O, and is curve is convex to the 

point 0. 

d.^p 

(2) The radius of curvature P = p 4- , if the curve 

(l*p 

is concave to the point O, and = — p — , if the curve is 

convex to the point 0. 

In fig. 5, if PP' is an elemental arc of the curve, 
and if the tangents at P and P' intersect in T, Y'TY = S<^, 
and KY' = TKh<^, neglecting infinitesimals of the second 
order. 

But Sp = OY' — 0Y = KY' to the first order ; 
therefore ultimately dp = P Yd<f>, 

when measured in the direction PP\ 

In fig. 6, 

= OF - OF = - KY== - TKB(f>, 

so that OZ = — ^ , when measured in the direction P'P, 
d<l> 

and is therefore ^ in the direction PP'. 


In fig. 7, 


so that 


Sp^OY'-OY^-KY = - TKB4>, 

02 —*. 


measured in the direction PP'. 
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And in fig. 8, 


, _ dp 


Sp = KY'=TKS(}>, 


therefore OZ = , measured in the direction P'F, and this 

— in the direction PP'. 

d<\> 

Again, in fig. 5, 

hs = PT^ TP' = PF- PF + P' F' - PF' 


dp 


Z.PY+KY = h.Z + p^ = [^^,+p]^, 


(^P 


d(f> 

ds d^T) 

and radius of curvature = = p + -r^ . 

d(l> ^ dcj)^ 


In fig. 6, S5 = PF- PF+ PF' - P'F' = - S . PY+KY' 

= ^p<l>+pB<l>, 

ds d^p 

In fig. 7, Zs = TY-PY+P'Y'-TY' = h.PY-KY' 


SO that 
and in fig. 8, 


ds _ d^p 

d<p’ 


PY- TY+TY' -P'Y' = -8. P Y- KY 


SO that 


ds 

d(p 






d^P 

d^' 


The cases of figures 5 and 7 are sufficient for the 
argument ; the other cases are given for fullness of illustra- 
tion. The same results are obtained by analytical methods, 
as in Todhunter’s Integral Calculus, Art. 90. 
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12. If is the inclination of the tangent, or the 
normal, to any fixed direction, and if p is the perpendicular 
from a fixed point on the tangent to a curve, the relation, 
p = f {(f)), is called the tangential polar equation of the 
curve*. 

We may remark that if 0 is the inclination of the normal 
to a fixed line, p and </> are the polar coordinates of the point 
Y ; so that, putting r and 0 for p and cj), the polar equation 
of the pedal curve is 

r=f{0). 

For instance, the polar equation of the pedal of an ellipse 
with regard to its centre is 

cos“ 0-\-b^ sin^ 0 ; 

so that the tangential polar ec^uation of an ellipse, referred 
to its centre, is 

p^ = cos^ 0 + 6^ siri*^ (f). 

13. We may observe that the intrinsic equation is at 
once obtained by integrating the equation 

ds d^p 

d<f> 

the right-hand member being expressed in terms of (f>. 

For instance, if OF is the perpendicular from 0 on the 
tangent RQ of a cycloid, (fig. 4), OY = OR sin 0 and 
therefore p = 2a<^ sin </> is the tangential polar equation of 
a cycloid referred to its vertex. 

Hence = 4ct cos (f), and 5 = 4a sin (f). 

14. To find the tangential polar equation of the roulette 
traced by a point. 

Let fall OF, OZ, perpendiculars on the tangent QT and 
the normal QP (fig. 10). 

This title was suggested by Dr Ferrers. {Cambridge and Dublin 
Mathematical^ Journal, 1855.) 
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Let OF=jt), and YOT = <f>. 

Then p —r — OP cos </>, 

= r — s cos <f>y 

vdO 

whence, having r and s in terms of and tan </> being , 

we can eliminate r and 6 and get the relation between p 
and 0 . 

Or, without finding the arc, we have 

= OZ = PZ tnn d> 
d<^ ^ 

— (r — p) tan </>, 

and, eliminating 0 between this equation and 

. A 

tan 0 = r - 7 - , 
dr 

we get the differential equation, in p and 0 , of the roulette. 

15. Ex. 1. To find the roulette traced hy the focus of 
a parabola rolling on a straight line, 

2a 

In this case — = 1 + cos 0, 

r 

the point A (fig. 2 ), being the vertex of the curve, and 
Q the focus ; 

tan QPJY = cot f = , 

2 dy 

and y-r sin QPN = ; 

cos- 

a* 

•• [dyj 

whence, by integration. 

That is, the roulette is a catenary. 
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Ex. 2. The curve r = a versin 6 rolls on its axis ; re- 
quired the locus of its pole. 

Taking the second system of equations of Art. 10, and 
observing that 


QPN = ^ , and 5 = 4a [l — cos ; 


we find that 


ic = 4a ^1 — cos 0 — a (1 — cos 6) < 
= 4a — 2a cos ^ -f sin® ^ , 


y = 2a sm" ^ ; 


whence 


4a — ^ = 


■y^ [2 (2a)* +3/^) 


16. If the roulette be given in terms of x and j/, we can 
at once find the rolling curve. 


For, Art. 10, 


p^y, and }) = ; 


Hence, if y = f{(P) be the roulette, we can eliminate 
X and y, and find the equation, in p and r, to the rolling 
curve, referred to the carried point as origin. 

Ex. 1. If the roulette be the catenary 


dx c 1 c rc 

-j- = - , and p = r,~= - , 
ds y ^ y p 

.*. pi^ = rCy 

that is, thq rolling curve is a parabola. 
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Ex. 2. If the roulette be 


— 4taXy 





the involute of a circle. 


Ex. 3. If the roulette be 

-V.2 


the curve is 




r" = dp" + 


an epicycloid (Art. 22). 

Ex. 4. If the roulette be 


the curve is 


r = pf{p)- 


17. Roulettes of circles. 

The equations in x and y, or in polar coordinates, of 
the roulettes produced by circles rolling on straight lines or 
on circles are at once obtained from figures. Thus, in the 
case of the cycloid, if ON ~x, and PN—y (fig. 4), 

X = a — a cos 0, y = ad + a sin 0, 

^ ^ 

and therefore y = a vers’^ + J2ax — x^, 

^ a 

is the Cartesian equation of a cycloid. 

Again a cardioid is the roulette produced by a point in 
the circumference of a circle rolling on an equal circle, and 
if P, the tracing point, starts from A (fig. 11), and if ON = x, 
and PN = 3/, the cardioid is given by the equations 

x — 2acos6 — a cos 20, y — 2asm0 — a sin^20. 
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If AP — r, we at once get the polar equation of the 
cardioid referred to its cusp, 

r = 2tt (1 — cos d)y 

PQ being the diameter through P, the point Q traces out a 
cardioid of which B is the cusp, and if BQ = r, its equation is 

r = (1 + cos 6). 

Again, since 

BF = BE -1- EF = 2(x cos 6-\-2a (1 — cos 6) = 2a, 

the locus of F is a circle, centre B and radius AB, and FP 
is the tangent at F. 

Hence it follows that the cardioid described by the point 
P is the pedal with regard to A, of the circle, centre P and 
radius BA. 


18 Epicycloids and Hypocycloids. 

An epicycloid is the curve traced by a point in the 
circumference of a circle rolling outside a fixed circle. 

A hypocycloid is the curve traced by a point in the 
circumference of a circle rolling inside a fixed circle. 

Thus for an epicycloid, if a and b are the radii of the 
fixed and rolling circles (fig. 12), and if 

AOP = e, QGP^j; 

/ 7\ /I 7 (I b ^ 

x — (a 4- b) cos 6/ — 0 cos — ^ — 6/, 

/ I \ • n 7 • a-hb ^ 

2 / = (tt + b) sin 0 — 6 sin - j~ 6. 

For a hypocycloid we obtain in the same manner 
x — {a — b) cos 6 ■\-b cos 


y = (a - 6) sin 0 sin 


a — 6 

~ir 


e. 
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19. The area swept over by the radius vector is most 
easily found by help of these equations and the expression 

^J(a;dy-y(la;), 

which is at once obtained from figure (13) as follows. 

If OjP, OQ are consecutive radii of a curve, y the 
coordinates of P, and x + dx, y + dy, of Q, the elemental 
triangle 

OPQ = OQL - OPN^ PL - PQR 
= i (« + dx) (y + dy)-^xy- ydx -^dx.dy 

= \{^dy-ydx). 


and therefore the area swept over by the radius vector 


1 

2 


J i«!dy - ydx). 


For instance, in the case of a cycloid (fig. 4), the area 
swept over by OQ from the vertex to the cusp 

= ^^j(QN.d.ON-ON.d.QN) 



+ sin 0) sin 0 — (1 — cos 0) (1 -f cos 0)} d0 



Adding 7 ^a^ and doubling the result, we obtain the area 
between the curve and the straight line joining two 
consecutive cusps. 


20. The roulettes traced by the centres of circles rolling 
on curves belong to the class of parallel curves. 

If h is the radius of the circle, and if x, y are the 
coordinates of its centre, and x\ y' of the point of contact, 

x — x^-{-h cos </> and y = y' + 6 sin 
where <j> is the inclination of the normal to the axis- of x. 
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Or, if the given curve be p = /(^), the parallel is 

p =/(<!>) + 

Thus the parallels of a parabola referred to its focus and 
of an ellipse referred to its centre are respectively 

^ = a sec (^ + cZ, and = J cos‘^ </> + sin* d. 


21. To find the tangential polar equation, and the 
intrinsic equation, of an epicycloid. 

In fig. (12), let OA = a, GP = 6, and AGP = 0. 

Then, if Q is the point tracing out the epicycloid, QD is 
the tangent at Q, and taking </> as the deflection of the 
tangent at Q from the tangent at A, cf) is the inclination of 
OY the perpendicular p on tlie tangent at Q, to the fixed 
line OB at right angles to OA. 

From the figure, 

<}>-e = Gl)Q = lPGQ = ^, 

and p = (a + 26) sin . 


But 


a + 2b 


e. 


.\ }) = (a 26) sin 


a(f> 

a 4- 26 ’ 


is the tangential polar equation of the epicycloid. 


Hence 


ds 

d^ 


{a+2b)(l- 


(a + 2by 


Sin 


a(j> 

a + 26 


_ 46 (a 4- 6) . a<^ 

a 4- 26 a 4- 26' ' 


and therefore 


»- “(« + 6) (l -cos 


measuring the arc and the deflection from the cusp A and 
the tangei;it at the cusp. 
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Hence s : 2 vers . arc FQ : : 2 . OC : OP, 
the form given in the Principia, section x., prop. XLViii. 


We may observe that the radius of curvature of the 
epicycloid at Q 


ds 


46 (a + b) 
it -f- 26 


sin PDQ = 


2 -f" 6) 

a + 26 


PQ. 


22. To find the equation, in p and r, of an epicycloid. 
If OQ —r, we have, from the triangle OCQ, 

= (a + bf + 6^ — 26 (a + 6) cos ^ 


= + 46 (a + 6) sin*'^ 

= a^ + 46 (a + 6)^-^--^-,. 
and therefore f = (r^ - «“)• 


23. The hypocycloid. 

If a circle of radius 6 roll inside, or, more generally, with 
its concavity in the same direction, on a fixed circle of 
radius a, and if (fig. 14) Q is the tracing point, QE is the 
tangent at Q to the hypocycloid. 

Supposing Q originally at J., so that OA is the tangent 
at the cusp A, let ^ be the deflection of the tangent at Q 
from the tangent at A, 

Then, if AOC = d, 

nff 

p=0Y={a — 2b ) sin CEQ = {a — 26) sin ^ ; 


but 

ll = GEQ = 0 + <l,, . 

■ 0 26 

and 

p=z(^a — 26) sin 

a<f> 

a — 2b’ 



ROULETTES. 


17 


Since the curve is convex to the point 0, 
ds _ d^p __ 46 (a — 6) . 


d<j> ^ a -2b 


Sin 


and 


s = 


46 (a- 


a — 2b 


6 )/-, 

1 — cos 


a --2b 

A 

a — 2b J ' 


If 6 > a, this may be written in the form 

a') sin 

dip ^ a + 2{b — a) a + 2{b — a)’ 

SO that, when b > a, the hypocycloid is identical with the 
epicycloid generated by a circle of radius b — a rolling 
outside a circle of radius a. 


This can also be seen by direct geometry; for if PQ 
meet the fixed circle in R (fig. 15), let OR produced meet 
DQ produced in E ; then RE is the diameter of a circle, 
touching at R and passing through Q. 

The angle FQR = FRQ = RPO ; therefore FQ is parallel 
to OP ; and 

ZREQ = ^-ERQ = PDQ; 

RE = OE - OR = 2 {b- a), 
and OF— 6 = CQ, so that OF is parallel to CQ, 

Hence arc RQ = (b — a), POR = (6 — a) PGQ 

= (6 — a) . ^ = arc RA, 

so that the point Q, carried by the circle F, will produce the 
hypocycloid. 


24. It may be useful to give the several equations for 
the case of a three-cusped hypocycloid, or tricusp, a curve 
possessing many remarkable properties. 


* The p and r equation is p^= - - r^)t and, if 26 = a-c, this 

^ ^ 4tb {a ~b) 

becomes = — (ofi - r% the form given by the Jesuit Fathers in the 

notes to Prop. li. of the Principia. 


B. R. 


2 
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If A0P = 6, and if </> is the angle of deflection from OA, 
the tangent at -4, of EQ the tangent at Q (fig. 14), 

(3(7P = 3^, and <^ = PP<2-P0^ = y -0 = |. 

Taking 3c as the radius of the fixed circle, 

p = OY=OE sin CEQ = c sin ™ , 

p = csmS(}), 

is the tangential polar equation of the tricusp, referred to its 
centre. 

The curve being convex to the point 0, 

ds d‘‘p . 

— ^-p-^-^, = 8csin3^, 

5 = f C (1 ~ COS 3</>), 

is the intrinsic equation of the tricusp, measuring s and (f> 
from a cusp and the tangent at the cusp. 

. , TT 

Writing g for <^, and assuming that s and y[r vanish to- 
gether, we obtain 

5 = |c sin 

which is the intrinsic equation of the tricusp referred to the 
middle point between two consecutive cusps, and the tangent 
at that point. 

Again, from the triangle OCQ, if OQ = r, 

= 4c^ + + 4c^ cos 30 = 9c^ ~ 8c^ sin** , 

r* = 9c^~8/, 

is the equation, in p and r, of the tricusp. 

25. Properties of the tricusp. 

(1) The portion of the tangent within the curve is of constant 
lengthy and the locus of its middle point is the circle inscribed 
in the curve. 
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Let A he Si cusp of the tricusp described by the point P 
(fig. 16). 

If EQ is parallel to DP, the point Q is a point on the 
tpcusp. 

For, since the inclination of DP to OA is 20, it follows 
that DP turns round twice as fast as OD, and in the 
contrary direction, and therefore that Q is the position of P 
when OD has turned through two right angles. 

PQ is equal to DE and is therefore of constant length, 
and if is parallel to DP, B is the middle point of PQ, 
and the locus of B is the circle centre 0 and radius OB, 

Now describe the circle, diameter BT, and draw TG 
perpendicular to PQ, 

Then CFB = 2 (j - Oiip) = - 2 (tt - 36^) = 60 - -n-. 

arc TliC=6c0 = arc TA, since AOB = 20. 

the point (7 is a point on the tricusp, and PQ is the 
tangent at G. 

(2) The distance between the centres of curvature corre- 
sponding to the intersections of the tangent with the curve is 
constant 

If K is the centre of curvature at P, in PR produced, 

on 

PK = Sc sin 3^ = 8c sin ^ = 4PP. 

and, if K' is the centre of curvature at Q, QK' = ^QS. 

Hence it follows that KK' is parallel to PQ, and that 
KK' = PQ + ^8L=^SSL, 

so that KK' is double the diameter of the fixed circle. 

26. (3) The mvelope of tlte pedal line of a triangle is a 
tricusp, 

{Quarterly Journal of Pure and Ap'plied Mathematics, No. 38, 1869.) 
Taking, any point P in the circumscribing circle, centre 

2—2 
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0, let PK, PL be the perpendiculars on the sides AG, AB, 
and NY the perpendicular from N, the middle point of 
AC, on KL, which is called the ‘ pedal line.’ 

Then if ONY = <j>, and COP = 6 (fig. 17), 

'^-<j, = LKP = LAP = A-^e, 

and NY =NK sin <f) 

= li sin ^ sin (B+2A + 2(j) — ir), if OP = B, 

= I [cos {<j>-(0-A)}- cos m - (C- A)}]. 

Now, if O' be the centre of the nine-point circle, 

ONO' = G-A, 

and therefore, taking p as the perpendicular from O' on LK, 
P = -^cos{S,f>-(G-A)} 

= — ^cos 3<^', 
changing the initial line. 


This is the ‘tangential polar' equation of a three-cusped 

R 

hypocycloid, generated by a circle of radius — rolling inside 
a circle of radius—. 

Hence the envelope of the pedal line of any triangle is a 
three-cusped hyjwcycloidj the centre of which is the centre of 
the nine-point circle. 


We may remark that if KP be produced to meet the 
circle in jp, the line Bp is parallel to KL ; a simple method 
is thus found of constructing the various positions of KL. 

The question considered is a particular case of the follow- 
ing problem : 
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Perpendiculars PK, PL are let fall on two fixed straight 
lines OA, OB ; given the locus of P, it is required to find the 
envelope of KL, 

• To do this, let p, the perpendicular from 0 on KLy make 
with OA the angle and let POA = 6, AOB = a. 

Then p — OK cos = OP cos 0 cos ; 
and (l> = LKP = LOP = a-e) 

therefore if OP = /(^), 

p = /(a — 0) cos (a — (j)) cos 0 
is the equation to the envelope. 

The problem of the ‘pedal line’ has been discussed in this 
Journal, by Messrs. Greer, Walton, Ferrers, and Griffith ; 
it was, I think, first pointed out by Mr. Ferrers that the 
centre of the tricusp is the centre of the nine-point circle. 

27. It may be noticed that the trilinear equation of the 
tricusp, referred to the triangle formed by the three cusps, is 

— ^ — = 0 

Va V/3 V7 

that its tangential equation is 

(it -j- -f wf = 27 uvw, 

and that its reciprocal polar with regard to its centre is 

r sin SO — c. 


Ourves rolling on fixed curves, 

28. To find the path of any given point in the area of a 
plane curve which rolls on a fixed curve. 

If O'P be the rolling curve, 0' having been coincident 
with 0, fig. (18), let x, y, be coordinates of P referred to the 
normal and tangent at 0, and x, y\ referred similarly to 0' ; 
</), the angles which the normal at P makes with the 
normals at 0, 0' 
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Then, if a, /8 are the coordinates of O', referred to 0, 
a = y' sin (<^ + <^') — x' cos (<^ + </>') — x. 

/3 = y — 3 /' cos -f (^') — x' sin + </>'), 

and, as the right-hand members of these equations can be 
found in terms of the arc OP ( 5 ), the relation between a and 
^ can be found. 

If Q be a point, the coordinates of which, referred to O', 
are (a, 6), and if rj, be the coordinates of Q referred to 0, 

f = a — a cos {<\> -h <f>) — h sin (<^ 4- (f>) 

= /Q + a sin -j- ^') + 6 cos (</> + j>). 


29. If QP — r, and PQO' — 6, the relation between r and 
6 is the polar equation of the rolling curve referred to Q and 
QO', 

Taking ^ and 7 ; as the coordinates of Q referred to 0, and 
yjr as the angle QEJN’, 

= r cos yjr — x, and 7 ; = r sin i/r + y. 


Now 


tanf = -^, and tanPrO = ^^, 
'■r £ = tan QPT = tan {PET + PTE) 


dx d7) 


1 + 


dy d^' 
dx * drj 


dO 


If the fixed and rolling curves are given, can be formed in 


dy . 

V'. IT 


dr 


terms of r, and in terms of a?, and then the elimination of 
X and r will give the differential equation of the locus of Q. 

If the locus of Q and the fixed curve are given, the 
elimination of x and ^ will give the rolling curve. 

If the locus of Q and the rolling curve are given, the 
elimination of x and will give the fixed curve. 
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30. A curve rolls on a straight line ; it is required to 
find the curvature of the path of any point carried with it 

Let QP, Q'P' be consecutive normals to the path of 
(fig. 9). 

Their intersection E is ultimately the centre of curva- 
ture. 

Let Q'P be the changed position of Qp. 

Then Q'LQ — the angle through which the curve has 
turned 

= the angle through which the normal at P 
has turned 


^ if p be the radius of curvature at P ; 


EQ = 


arc QQ' 


_ QQ' 
QLQ’ --LQP 



p r 

if a be the angle between QP (?') and the normal at P, 

^ 

r — p cos a ' 

ultimately, observing that since the displacement of p from 
P' is of the second order, we may in this case assume that 
p and P' are coincident ; Arts. (3) and (4). 

Thus, in the case in which the roulette is a cycloid, 
r = 2a cos a, and p = a; 

.-. EQ^2r = 2PQ. 


31. The focus-roulettes of a conic section on a straight 
line. 


Let Q, fig. (9), be the focus of a conic rolling on a 
straight line. 



24 


ROULETTES. 


Then p cos a is the chord of curvature through the 
focus. 

If the conic is an ellipse, 

CD^ r (2a — r) 
pcosa=^-^ = 

and therefore, if p' be the radius of curvature] of the focus- 
roulette, 

111 
H . 

p r a 

If the conic is an hyperbola, 

r (2a -f r) 
p cos a = — ^ 

^ a 

and therefore 

p r a 

shewing that the roulette is convex to the straight line. 

If the conic is a parabola, 

p cos a = 2r, 

and therefore p' = — r, 

the known property of a catenary, the directrix of which 
is the straight line. 

We can however deduce the equation of the catenary. 

For, if is the inclination of the tangent at Q to the 
fixed line, (f> = a, 

and — = 1 — cos 2 = 2 cos* 0. 

Hence ^ ^ ® 

and therefore = a tan 0. 

32. The preceding formula may also be obtained by 
help of the equation 
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and 


For (fig. 19), if OPQ = and OP = AP=r 5 , 
p = r — 5 cos (^, 
dp 
d(f> 
d^p 


- = OZ = s sin (f>; 

ds 


But if AQP = 0, and AFP = f, 
therefore radius of curvature of roulette 


and since 
this 


dd . , , ds 

r^=sin<^,and^, =p, 


= r + 


dyjr 
cos a 


11 r — p cos a 

cos a ^ 

p r 


We may observe that the curvature of the roulette is 
zero if r = p cos a, that is, if the point is situated on the 
circle of which p is the diameter. 


38. The following theorem is of great importance. 

If a curve roll on a fixed curve over a small arc Ss, the 
angle turned through by any line in the plane of the rolling 

curve is Ss ^ , where p and p are the radii of curvature 

of the fixed and i^olling curves. 

Let Pp = PP' = &, fig. (20), and let the normals OP, 
O'P', meet in L. 

Then, since OP turns into the position KLP\ the angle 
OLK between the lines is the angle required, and this angle 

^POp + FO'P 

Ss Ss 
1 — / . 
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If the concavities are in the same direction, and if the 
rolling curve is inside the fixed curve the angle turned 
through is 



but, if the rolling curve is outside the fixed curve, the angle 
turned through is 


&9 




\p p 


')■ 


34. A curve rolls on a fixed curve ; to find the curvature 
of the roulette traced by any jwint carried with it. 

Q being the carried point, the angle QLQ' = the angle of 

displacement = hs (fig. 21). 


\P P 

QQ' _ QL{QLQ') 
QEQ'^QLq^PQI/ 
and, since the displacement of p is of the second order, 
T PP' a hs cos a 

pg ■ - r ' 

taking a as the inclination of QP to the normal at P. 


EQ. 




+ -> — 
P P 


cos a 


If the curve roll inside the fixed curve the expression 
will be 



1 1 cos a ’ 


P P 

We observe that the curvature of the roulette vanishes if 
r = pp' cos aj{p + p'), 

and therefore there is a point of inflection of the roulette if 
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the point P is situated on the circle of which pp'j^p + p) is 
the diameter. 


35. Referring to the same figure, let be the inclination 
of QP to the fixed normal OF, A the point which has passed 
over 0, AQP = 6, QP == r. 

Then, if r — f{6) is known, and if 5 = F{<f>) is the equa- 
tion of OP, EQ can be found in terms of s and therefore 
of <j>. 

Also '^ = 0 — a ; 

or EQ can be found in terms of i/r, and this gives the 
intrinsic equation of the path of Q. 


36. Thus, for an epicycloid, 
radius of curvature of path of Q (fig. 12), 


= PQ 


1 1 

a b 


1 1 cos a ’ 

a^b^PQ 


or 


1 1 

a 26 


Again, take the case of an ellipse rolling on an equal 
ellipse, corresponding points being in contact, and consider 
the path of a focus /S. 

If P be the point of contact. 


PF 

cosa-^^. 


P = P = 


GD'‘ 

PP’ 




2 SP 
^ GIF ■ ^ 

m' — TF 


2AG, 


GIF AG.SP 


as is d prioifi obvious. 
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37. If a curve roll on a straight line, the arc of the 
roulette is equal to the corresponding arc of the pedal. 


The angle turned through (fig. 22), 

= angle between normals at P and p, 

.-. axcQQ^QP.YQY' 

= QT. YQY' 


YY’ 

sin YQY' ' 

QT being the diameter of the circle about YQY'. 


YQY'=YY'-, 


Or thu.s, if QY= y, 

and if (7 = arc of pedal, y being the radius vector, 

= cos QYZ = COB QPY; 


ds = da. 


38. If a curve roll on a fared curve, the element of arc 
of the 7'oulette is to the corresponding arc of the pedal as 
p + p : p\ p being the i^adius of curvature of the rolling curve, 
and p' of the fixed curve. 


Imagining the line OT to be the fixed curve (fig. 22), 
the angle turned through = cis ; 


.-. QQ' = QP.ds(- + A). 

\p p / 


P P‘ 

Also, QT being the diameter of the circle YQY\ 

fj o 

YY' = QT. sin YQY' = QP.^\ 
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Hence the length of the arc of the roulette 

where d(T is an element of the arc of the pedal. 

In the case of cycloidal, or trochoidal curves, p and p 
are constant, and the arc of the roulette is proportional to 
the arc of the pedal. 

In the case of a curve rolling on an equal curve, corre- 
sponding points being in contact, the arc of the roulette is 
always double that of the pedal. 

Also the roulette of any point is similar to, and double 
of the pedal. 

39. If a curve roll on a straight line, the area bekoeen 
the roulette, the fixed line, and any two ordinates, is double 
the corresponding pedal area. 

For, if Y'N be the perpendicular from F' on PY (fig. 
22), the element of area = QY. FiV’, neglecting infinitesi- 
mals of the second order, 

= QF. FF'.cosyFF' 

= QY. FF'.sinQFF' 

= 2AQFr. 

Or thus, if X, y be co-ordinates of Q, 

= 2 /sin qPY= y sin QYZ== QZ==p-, 

.*. ydx = pds=pdcr 

= 2 (element of polar area). 

40. To find the area swept over by the normal QP. 

Taking figure (22), let QP = r, PQp = Sff, and S</> = the 
angle of deflection from P to p, which is equal to the angle 
between Qp and Q'P' 
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Then the area QPP' Q' = QPP' + QP' Q' 
= QPp + QpQ\ 

observing that pP' is of the second order, 

= lr^Sd + lr^Scl>; 


therefore the area between the roulette, the fixed line and 
two normals 




If the curve be a closed curve and make one revolution, 
1 P"" 

this area = area of curve + 2 j 

Hence, if the rolling commence when QP is perpen- 
dicular to the fixed line, 

2 (area of pedal) = area of curve + I r^def ) ; 

^ J 0 

or area of curve = j ^ dcf). 


Take for example the case of a cycloid. 

The area swept over by QP, fig. (4), 

= I JrW + 1 Jr^d<f> = I jrW 

— 3a® J cos® ^d6 = {6 + sin 6), 

3 

and, if d = 7r, this = ^ ird^, 

so that the whole area of the cycloid is 37ra®. 


41. A curve rolls on a fixed curve; to find the area swept 
over by the normal QP. 
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If the arc Pp = PP' (fig. 23), then, pP' being of the 
second order, 

area QPFQ' = QPp + QpQ 


therefore area swept over by QP 


= 5r-S« + 


-/r™ + 



Hence, if the curve bo a closed oval, and if it make a 
complete revolution, the area between the arc of the roulette, 
the two normals at its ends, and the curve 


= area of curve + 



42. To find the locus of the centre of curvature at the point 
of contact oj a crirve rolling on a straight line* 

Let X, y be co-ordinates of the centre of curvature, then, 
if s =^f{cj>) be the rolling curve, 

x=:s=f{cl>\ 

and = 

whence, eliminating 0, the locus is obtained. 

Thus, if the curve be an epicycloid, or hypocycloid, the 
locus is an ellipse. 

If it be a catenary, the locus is a parabola, and if it be an 
equiangular spiral, the locus is a straight line. 


43. If the curve roll on a fixed curve, s=^F((b\ and 
if s =f((l>) be the rolling curve, 

X = OM+ p sin cf)' (fig. 24), 

y = p cos </>' — PM ; 

therefore, if OM and Pilf can be found in terms of 0', we 
have, with /(<^) = P(<^'), three equations from which <j) and 
0' may be eliminated. 
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Suppose, for example, the curves to be equal catenaries, 
their vertices at first coinciding. 

Then, p = csec^0, and PiUf =csec0 — c; 

y = c. 

The locus is therefore a straight line, as is a priori 
obvious, if we remember that the normal bounded by the 
directrix is equal to the radius of curvature. 

If the curves be equal cycloids, their vertices at first 
coinciding, 

OP — 4a sin </>, PE = 4a cos <^, 

OM = a (20 4- sin 20), and PM = a (1 — cos 20). 

ON — 2a0 4- 3a sin 20, and NE = a 4- 3a cos 20, 

so that the locus of E is the same as the locus of a point 
carried by a circle of radius a rolling on a straight line, the 
point being at the distance 8a from the centre of the circle. 


44. To find the length of the curve formed by the 
successive positions of the centre of curvature we may 
proceed as follows. 

Let Q be the centre of curvature at P, q at p, and Q' the 
position of q when the curve has rolled from P to P\ so that 
QQ' is an element of the locus (fig. 25). 

Then q may be taken to be in the normal PQ, since its 
distance from PQ, the tangent to the evolute at g, is an 
infinitesimal of the second order. 


Hence, if PQ = p, and if p be the radius of curvature of 
the fixed curve at P, 

Qq = Bp, qQ^=(p + p)^. 

r 

and the inclination to PQ of the tangent at Q 


tan"' 


(p 4- p') ds 
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Also, if 


QQ' == S<r, 


S^‘ = Sp‘+(^^J 


Hence we can find the intrinsic equation, for if i/r be the 
inclination of the tangent QQ' to the tangent at a fixed 
point 0, 

f A. . 4. -1 (P + p ) 

^ = •^-2 + tan 

if) being the deflection of the fixed curve from 0 to P. 

As an example, again take the case of the equal cate- 
naries; then 

p = p = c sec®0, Ss = pSif), 


and i/r = -f- tan”' (cot (/>) = 0, 

Jit 

so that QQ' is parallel to the tangent at 0, as already seen. 


45. Envelope Roulettes. 

We have hitherto considered only the roulettes produced 
by points carried with a rolling curve ; we now proceed to 
consider the roulettes enveloped by lines carried with a 
rolling curve. 

A curve rolls on a straight line, to find the envelope of any 
straight line carried with it. 

If P be the point of contact, and PQ the perpendicular 
let fall from P on the carried line, Q is the point of contact 
of its envelope (fig. 26). 

Let pq be the perpendicular from a consecutive point n, 
then as the curve rolls over PP', q is carried to Q\ and if oo- 
be an arc of the roulette enveloped, 

8(7 = Qq + qQ' 

= sin ^hs + rhif)y 

if OPQ = if), and PQ = r. 

B. R. 


3 
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Hence the radius of curvature = 


L VCbUUXVy — ^ , 

d(f> 

. . ds 

= r + sm,^^ 

= r -f p sin <^. 


For example, consider the roulette produced by a diameter 
of a circle rolling on a straight line. 

Then r = a sin p = a, 

da ^ , 

, ■ = 2a sin 6, 
d(f> 

and the roulette is a cycloid. 

Ex. 2. A parabola rolls on a straight line, it is required 
to find the envelope of the lotus rectum. 

In this case, p sin <^ = 2SP (fig. 27), and 

PQ = a — iT ; 

.*. = a — ic + 2 (a i- co) 

= 3a + a cot^0, 

.*. = 2a + a cosec*<^ ; 

.*. a = 2a<^ — a cot ^ + C, 

and the length of the roulette between the two points at 
which it cuts the fixed line, i.e. from 

0 = ^ to 9 = -^ , is (tt + 2) a. 

46. The tangential polar equation may be obtained, 
directly. 

Thus, if 5 = OP = arc AP, and p = OY the perpendicular 
on the carried line, 

p = r ~ 5 cos 

whence the equation, if r and s be known in terms of (j>. 
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Or, if s only be known, and OZ be the perpendicular 
on PQ, fig. 26, 

nv-^P 


and therefore 


: s sin (f). 


Hence the radius of curvature 


as before. 


= r — s cos <^+ 5 cos ^ + sin ^ ^ 
= r -f /3 sin 0, 


47. A curve rolls on a given curve^ carrying a straight 
line; to find the roulette enveloped. 

Making the same construction as before, and observing 
that the displacement of p is of the second order (fig. 28), 

ha^QqA qQ' 

— Ss cos a + rS(f>, 

where Sd) = Ss(-+ , PQ = r and a is the inclination of 

\P P' 

PQ to the normal at P, 

Hence the radius of curvature of the roulette at Q 

da- , pp' 

==-ri==rAcoBa — 7 , 

d(f> P + p 

and if r, a, p and p' can be found in terms of the angle which 
PQ makes with some fixed line, the intrinsic equation can 
be found. 

If the concavities are in the same direction, the expres- 
sion for the radius of curvature of the envelope roulette is 


r + cos a -r 
P 
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48 . Example. A circle rolls outside a fixed circle; to 
find the length of the curve enveloped by a diameter. 

If AD be the diameter, A passing over A\ and if 
il'OP = 0 (fig. 20), 

FQ = 6 sin ^ , 


and 


do" 2 . aO 

, . = 6 sin - 2 - 4- cos GFQ — 
a</> 0 a 4* 0 


4* 2a6 . a6 
a + b b 


The angle of deflection of AD from OA' 


d(r __ 6^ 4- 2ab 
d(f) 


ad) 

a -h b + y 


and 

measuring from A\ 


a = 


y 4“ 2a6 / 




.(«). 


Taking a half roll of the circle, that is from 0 = 0 to 
rrb 

d = — , we get the length of the arc from one cusp to the 
next, which is therefore 


2 - (6 4- 2a). 
a 


Comparing the equation (a) with that of Art. (21), we 
observe that the envelope of AD is the epicycloid which 

would be produced by a circle of radius | rolling on the 

circle 0. 


This can also be seen geometrically, for, describing a 
circle on FG as diameter, the arc FQ is equal to the arc PA, 
and therefore to the arc PA\ 
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49. A curve rolls on an equal curvCy corresponding points 
coinciding; to find the envelope of any normal of the rolling 
curve. 

* Let <f> = BTQ (fig. 30), and measure yfr from the tangent 
at 0, the point corresponding to A. 

Then, for the envelope of the normal at A, 

= r 4- cos o| , Art. (47), 
and, if s =/ (yfr) be the curve, 

r*^ / 

r = I cos y/rds, p=f (>/^), and 0 ; 

J 0 

. = /' +l tf it) ■ 

For example, let a circle roll on an equal circle ; then 

4 > 

s = a|, 

d^=i/cos0d^ + 2Sin2=y8m|, 

and <r = 3a ^ 1 — cos ^ , 

a two-ciisped epicycloid. 

Taking a half roll of the circle the arc is 6a, which 
agrees with the result in Art. (48), putting b = a. 

50. A curve rolls on a fixed curve; it is required to find 
the envelope of any curve carried vnth it. 

If P be the point of contact, draw from P normals to 
the carried curve (fig. 31). 

Then, if PQ be one of these normals, it is the normal 
at Q to the envelope, and the other normals similarly "belong 
to other portions of the envelope. 
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Let pqy the normal from a consecutive point p, roll into 
the position P'Q \ then E, the intersection of PQ and FQ\ 
is the centre of curvature. 


The arc QQ = rB(l>, where r = PQ and 


Let p" be the radius of curvature at Q of the carried 
curve; then 

Qq : Bs . cos a :: p" : r 4- p\ 
a being the inclination of QP to the normal at P; 

and the angle PEP' = B(I) — 

P 


= Bs 



cos a 


therefore EQ, the radius of curvature of the envelope, 


p" cos a 


-f r 



1 1 cos a 
p^ p' r + p" 


Making p" infinite, this of course gives the formula of Art. 
(47), and if p" vanish, the formula of Art. (34) results. 


If the various quantities involved in this expression can 
be found in terms of yfr, the angle of deflection of PQ, the 
intrinsic equation is determined. 


If any of the curves instead of being convex, as in the 
figure, be concave, the signs of p, &c. must be changed. 


51, Ex. 1. A curve rolls on another, carrying a parallel 
curve. 

In this case, a = 0, r = d, and p" = p — d. 

Hence EQ becomes d + p, a result which is obviously 
true. 
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Ex. 2. A circle, of radius c, rolls inside an oval curve. 


If So- be an elementary arc of the envelope, and hs the 
arc of the curve rolled over, 


where 
so that 


S<r = 2cS(f> — Ss, 

Sc = Ss — 2c - - , 


and therefore total length of envelope — 4f7rc, where p is 
the perimeter of the oval curve. 


Ex. 3. A straight line rolls on a fixed circle, carrying an 
equal circle with which it is in contact. 

Let A' OP = 6 (fig. 32), then 

r = GP — a = aJl + ^ — 

a 1 

cos OC — “ 


GP 

p = co, p=p"=:a, 
1 


j J.I. e 1 + ^ 

and therefore ^ = a 

ayfr 




1 - 


= a - 


1 + 0* 
/I + _ 0“' 


9*|« - 0*\ 

0'* J- 


Also, if ■\lr be the inclination of PQ to OA', 

1 ^ = 0 — a = 0 — tan"‘ 0 ; 

di|r = d0- 

This equation, when integrated, determines the Length of 
the envelope. 
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If we put —a for p\ and CP + a for r, we shall obtain 
the other portion of the envelope due to the normal PQ'. 

52. A curve rolls on a straight line; to find the area 
between the straight line, the envelope of any carried straight 
linCy and two normals of the envelope. 

The element of area PQQ'P^ (fig. 26), 

^PQqp^Fqq 

= rZs sin ^ 

= (^p sin + I j S(f>y 

the integration of which expression gives the area if the 
intrinsic equation of the rolling curve be known. 

If the line PQ fall below the line OP, the element of 
area swept over will be 

(rp sin — 2 ^ Bcj), 

This however is included in the former, if we suppose 
r to be an algebraic expression for PQ. 


53. A curve rolls on another; to find the area between 
the envelope of any carried curve, any two normals of the 
envelope, and the fixed curve. 

The element of area = PQQ'P' (fig. 31), 

= PQqp + ^r^h4>, 

where 8^ = Ss . 

Hence the area swept over exceeds the area between the 
curve and the carried curve by 
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Thus in the case of Ex. 3 of Art. 51, 

r’ = a"(2 + 0’'-2v/i+”^> 

attd d^ = de-^^-, 

therefore the area of the envelope exceeds the area APQ by 

“-J(2 + d^-2^/^T0“)d^^^. 


54. Adopting the notation of preceding articles, we can 
give an expression for the element PQqp (fig. 31). 

For this element 



// 

P 


and hs" : & .cosa :: p" : r + p"; 

therefore element 


PQ?P = (p" + g 


r cos ahs 
r + p" * 


55. The following examples will serve as additional 
illustrations of the preceding methods. 

A cycloid rolls on a straight line; it is proposed to consider 
the roulette enveloped hy the tangent at its vertex. 

The cycloid is 5 = 4a sin <^, and for the envelope oi AQ 
(fig. 33), 

= p cos <f>-PQ 

= 4a cos® <!> — 2a sin® <f) 

= a + 3a cos 2(f ) ; 

<r = a0 + ^ sin 2<^, 


measuring from 0. 
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To trace the curve, observe that there is a cusp when 
cos 2<^ = ~ i , 

i.e., when ^ is a little greater than and that the curve 

o 

cuts the initial line at distances 2a from 0 : also that for one 
roll of the cycloid the curve lies wholly below the initial line. 

If the cycloid be continued, and the rolling go on con- 
tinuously, the next branch of the cycloid will give the next 
half of the roulette above the initial line, after which the 
successive branches of the cycloid will produce continually 
the same roulette. 

Further, the e volute of the roulette is 
s = 3a cos 2</), 

a four-cusped hypocycloid. 

The curve may be further examined by finding x and y, 
the co-ordinates of Q referred to 0, viz. 

ic == 4a sin </) — 2a sin® <^, y = a sin </> sin 2(j[). 

Fig. 34 represents the roulette, and its evolute. 

The element of area swept over by PQ 

= PQhs cos ^ PQ^h<f> 

td 

= 4a® sin® ^ (2 — 3 sin® <^) 

2 

which becomes negative when sin® ^ ^ , or when 

cos 2<^ = - i , 

i.e. at the cusp. 

2 

The integration from <f> = 0 to sin® ^ gives the area 

2 TT 

OET, and from sin’ <#> = g to ^ = 2 difference between 
the areas AET and GET. 
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If we wish to find the area enclosed by the roulette, it 
will be at once given by integrating the expression, 

1 TT 

2 “■ y^)y <^ = 0 to 0 = 2 * 


This expression 

= a® (6 sin* ^ — 4 sin* 0) d(f>, 
the integral of which between the assigned limits 
„/_ 3 1 . l\'7r TT 2 

(6 ^•2)2 “8 


and the complete area inclosed by the roulette = ^ Tra*, i.e. 
it is half the area of the generating circle of the cycloid. 

To find the length of the arc of the roulette, we must 
take <l> from 0 to sin'‘/y/^, and then from (^ = sin'‘y^| to 


<}>=—, and add together the numerical values of the results. 
This will give one-fourth of the whole arc. 


If (j) be taken from 0 to ^ we obtain a = , so that the 

difference between the arcs OE and EG of the roulette is one 
quarter of the perimeter of the generating circle of the cycloid. 


56. A circle rolls on an equal circle, carrying a tangent; 
it is required to determine the nature of the roulette produced 
hy the tangent 

Let OY=p (fig. 35), ^'OP = ^CP = 0, and FOJ.' = 0, 
0 Y being the perpendicular on the carried line. 

Then ^ = 2acos0-a, and 0 = 20; 

0 

p=^2a cos ^ 

the tangential polar equation of the envelope. 
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Next 


d(T d% «Sa <f> 


0 - = 3a sin — acp, 


the intrinsic equation, measuring a from A' 


Observing that the radius of curvature 


3a 

= — cos 6 — a, 


we see that a cusp occurs when cos ^ • There are therefore 

two cusps, corresponding to the positive and negative values 
of 6. 


Whend = ^, p = Q. 

O 

When cos ^ ^ > it will be seen by a figure that the 

tangent passes through the other end of the diameter through 
P, and that the envelope then crosses the circle at a point V 
2a 

distant from P. It will also be found that the tangent at 

the cusp meets the diameter A'O in the same point T at 
which it is intersected by the envelope itself. 

Putting together all these considerations we obtain the 
figure (fig. 36), the curve being an involute of a two-cusped 
epicycloid. 

The element of area swept over by PQ, i.e. 

PQQ'P' = r cos aSs — ^ r^Scfy 


— rS6 (a cos a — r) 

= rSff (2a cos 0 — a) 

=prS0. 

^ When > l^his expression is still the same if we write 

’ p its numerical value a — 2a cos 0, and any portion of the 
the^ is thus found by a simple integration. 
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EXAMPLES. 

1. If a cycloid roll on the tangent at the vertex, the 
locus of the centre of curvature at the point of contact is a 
semicircle whose radius is four times that of the generating 
circle. 

2. Prove that a cardioid is an epicycloid due to the 
rolling of a circle, with internal contact on a fixed circle of 
half its diameter. 

3. The roulette, on a straight line, of the pole of an 
epicycloid is an ellipse. 

4. The roulette, on a circle, of the pole of an equiangular 
spiral, is an involute of another circle. 

5. When a curve rolls on a straight line, shew how to 
find the locus of the centre of curvature at the point of 
contact, and prove that, in the case of a cardioid, the locus is 
an ellipse. 

When a curve rolls on a fixed curve, prove that the locus 
of the centre of curvature of the rolling curve at the point of 
contact is inclined to the common tangent at the angle 
tan"^ {pdpl(p-\- p)ds}, where p, p are the radii of curvature 
of the fixed and rolling curves at the point of contact. 

6. A curve A rolls on a curve B so that its pole describes 
a straight base, and the curvatures of A and B at the point 
of contact are always as n to 1, estimated in the same 
direction. Prove that the radius of curvature of i? is w — 1 
times the normal terminated by the base, and that the chord 
of curvature of A through the pole is to the radius vector 
in the ratio of 2 (n — 1) to n. 

Prove also that if A and B roll on a straight line, the 
roulette of the pole of A is the envelope of the base carried 
by By and that the radius of curvature of the roulette is 
times the normal terminated by the same straight line. 

State what curves A and B are when n is, — 1, 0, 1, ‘ 
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7. A cycloid rolls on an equal cycloid, corresponding 
points being in contact ; prove that the locus of the centre 
of curvature of the rolling curve at the point of contact is a 
trochoid whose generating circle is ec^ual to that of either 
cycloid. 

8. A circle rolls on a straight line; prove that the 
envelope of any carried straight line is an involute of a 
cycloid ; and trace the figures corresponding to the cases 
in which the distance of the carried line from the centre 
is greater than, equal to, or less than the diameter of the 
circle. 

9. A straight line rolls on the curve, s=f (0), carrying 
a straight line inclined to it at the angle a ; the envelope 
roulette is 

5 = sin a/ (^) + cos a /' 

If the curve be an epicycloid, or hypocycloid, the envelope 
roulette is of the same class. 


10, The roulette, on a straight line, of the pole of the 
hyperbolic spiral, rd — c, is 

dy y . 

dx 

and of the pole of the curve, c”p = is 
fdsY*' _ (cY 
\dx) -\y) • 

11. The roulette, on a straight line, of the pole of a 
cardioid is 

4a - /c = {2 (2a)* + y^] {(2a)* - y*}*. 

and its area is ttci . 


12. A parabola rolls symmetrically on an equal para- 
da ; find the path of the focus, and prove that the path of 
0.' vertex is the cissoid 


th<a y* (2a -*) = «“. 
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13. An involute of a circle rolls on a straight line; the 
roulette of the centre of the circle is a parabola. 

c 

14. The ellipse - = l + ^cos0 rolls on a oti .ght line; 

the path of the focus is given by the equation 

a , 2c dx c* 

e =1 + 

y ds ;/ 

and the path of the centre by 

2a and 2b being the axes. 

15. The roulette, on a straight line, of the centre of a 
rectangular hyperbola is 

dx _ 

16. A cycloid rolls on a straight line ; the locus of its 
vertex is given by the equations 

x=2a (sin ^ cos <^), y = 2a^ sin (f), 

the origin being the point of the line over which the vertex 
passes. 

17. A curve rolls symmetrically on an equal curve, 
carrying an involute ; the envelope of this involute is an 
involute of the fixed curve. 


18. If a curve roll on a straight line, the curvature of 
a point roulette varies as ^ , p and r being referred 

to the point. 

If the curve be 


~ = 1 4- sec a sin {0 sin a), 
the roulette is a circle. 
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19. The curve P'Q rolls on the curve PQ, P' passing 
over P ; the roulette of P' is, in the neighbourhood of P 
a semi-cubical parabola, of which the parameter is 

2(p-h2p7’ 

p and p' bein^ ‘f' radii of curvature at the point of contact. 


20. A catenary, . = c tan <f>, rolls symmetrically on an 

equal catenary ; the ininlnsic equation to the envelope of its 
axis is •, 

dor , , T — yjr ^ 

d\lr = tan ^ ^ tan ^ sec ^ • 

21. If an oval curve ry on a straight line, prove that 

the area traced out by any 0 in the curve will exceed 

1 

the area of the curve by - 1 where r is the distance 

from 0 of any point P of the curv^ and the angle which 
the tangent at P makes with some^^xcd line in the curve : 
apply this to find the area of a cycloi^^ 


22. If an oval curve A roll upon an equal and similar 
curve B, so that the point of contact is a centre of similitude 
for each, then the whole area traced out by any point 0 when 
A has made a complete revolution, is twice the area which 
would have been traced out if the curve A had rolled upon 
a straight line. 

23. Test the formula of Art. (40) by applying it to 
an ellipse, measuring r from the focus. 

24. A parabola rolls on a straight line from one end 
of the latus rectum to the other; the length of the arc 
enveloped by the axis is 

2a log (2e). 


26. A parabola rolls symmetrically on an equal parabola, 
rom one end of the latus rectum (4a) to the other ; the length 
\ arc enveloped by the axis is 

hb 2a log (46). 
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26. A diameter of a circle rolls on a curve ; the envelope 
of the carried circle consists of two involutes of the curve. 

27. A circle, radius 6, rolls on a fixed circle of radiit® a ; 

4he area between the fixed circle, and the envelope a 
diameter for a half roll from one end of the diamf'c^p .;he 
other is equal to % 


28. The lemniscate r^ = a‘^ cos 20 rolls on a ^ aight line; 
the tangential polar equation of the roulette produced by its 
pole is 


+ p tan <^ = a tan J sin <f > ; 

cicp 

and the intrinsic equation to the envelope of its axis is 


ds 




29. A circle rolls on a fixed circle ; the envelope of any 
carried straight line is an involute of an epicycloid. 


30. A catenary rolls on a straight line ; the envelope of 
any carried straight line is an involute of a parabola. 


31. An ellipse rolls, symmetrically, on an equal ellipse ; 
prove that the whole length of the arc enveloped by its 
axis is 


2a 



32. A curve, carrying a point, rolls on a straight line, 
and then, symmetrically, on an equal curve ; prove that after 
rolling over t.'ie same arc in each case, the radii of curvature 
of the roulettes, and the distance of the point from the point 
of contact, are in Harmonic Progression. 

33. In the same case, if a straight line be carried, the 
radii of curvature of the roulettes, and the distance of the line 
from the point of contact, are in Arithmetic Progression. 

4 


B. R. 
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34. If a given arc of a curve roll, first externally, and 
then internally, over the same arc of a fixed curve, the sum 
or difference of the arcs of the roulettes of the same point 
is independent of the nature of the fixed curve ; the sum, 
wh ' the radius of curvature of the fixed curve, at each point 
of a. act, is greater than that of the moving curve, and the 
differ when tlie reverse is the case. 

Ti,J)eiu 

me independence also exists for the sum, or 
difference cat^^^^ areas swept over by the straight line joining 
the carrieu,,^ . .nc Avith the point of contact. 

35. A parabola, latus rectum 4u, rolls on a circle of radius 
by the rolling coinnieiicing at the vertex. Prove that when 
the parabola rolls to the end of the latus rectum the corre- 
sponding arc of the roulette enveloped by the axis is 

«(l + log2)+g^\2v/2-l). 

3G. An ellipse rolls on a straight line ; the length of the 
envelope of its axis between two consecutive cusps is 

37. Find the envelope roulette of the directrix of an 
ellipse which rolls on a straight line ; and prove that it has 
two cusps if the eccentricity is greater than J (>/5 — 1), and 
that, if e<^{Jo — 1), the length of the arc of the roulette, 
corresponding to a complete roll of the ellipse, is equal to the 
perimeter of a circle, the radius of winch is equal to the 
distance between the directrices of the ellipse. 

38. The envelope roulette, on a straight line, of the 

axis of a rectangular hyperbola, is given by the intrinsic 
equation > 

a , J2 + 1 , a cos <f> 



GLISSETTES. 

57. Glirsettes are the curves traced out 

enveloped by curves, carried by a curve, ^ 

slide between given points or given curves. / 

Thus if an ellipse slide between two tix^id st*^ 
at right angles to each other, the glis^ette trad- O^y uj, 
centre is the arc of a circle. f 

Again, if a straight line, of given 'length, slide between 
two fixed straight lines at right arn^ies to each other, the 
glissette of any point in the line is 9^^ cllip.se. 

In this case, if p be the perpendicular from the inter- 
section of the fixed lines on the, sliding line (length 2a), and 
(f) its inclination to one of the fi/xed lines, 

= sin 2<j> ; 

the envelope-glissette is therefore a four-cusped hypocycloid. 

58. A curve slides Ijetiueen two straight lines at right 
angles ; to find the glisse;Ue of any carried point. 

Let the tangential polar equation of the curve, referred to 
the carried point, be 

then, if y be the perpendiculars from the carried point on 
the two fixed tangents, 

«=/(^), andy=y + 

and the elimination of <j> will give the rectangular equation of 
the glissette. 


4^2 
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If the two fixed lines be not at right angles, but inclined 
to each other at an angle tt — a, and if x, y be the oblique 
co-ordinates of the carried point, we shall have to eliminate 
between the equations 

X sin a =/{(!>), ysma= /(<^ + a). 

Ex. An ellipse slides between two straight lines inclined 
to each other at an angle tt — a ; to find the path of the 

the wrltc the equations in the form 

d5. - _ _ / / /y\ 


b, the rolliTr,siti’‘ a = cos" 1 sin" f<^> - s) . 
the parabola i V \ 

spending ^ ^ ^ ^ ^ ^ 

1 D elimination is 
and tiitj xcsult ot tn 

K^+S') .in- . - “ <=»’ »-<»’- '•’)’“*■»- 

59. ne/Mm«iv s'""*”* .■»)«>*««. 

, ^ ^ j, ' of a plane area in its own plane 

Any state of motion , 

can be represented by a stati^^ 

. , • n : J points are fixed; and, 

Any plane area is x . . ^r^oints are given, tlie motion of 

]f the motions of two ot its ps ^ 

the area is given. t; 

^ T_ u we cannot assign an 

We must obseive, o^ / - '\e restriction existing that 
arbitrary motion to two points tW 
the velocities of the two points in 
joining them must be the same. , 

Suppose that two poinUi Paul Q'.v™ i" ■“•ion in the 
diroSLprand «F^nd that PP, gi f f'™ '“'P*"- 

dicular to those lines respectively, and met h 

It is clear that the motion of P niay be f 

state of rotation about any pointy m the line 1 > ‘ 

Q by a rotation about any point in QP. 

Hence, both motions are represented by a state 3.^ station 
about 


sponding a ' ot ^ 
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This point E is called the imtantaneous centre of rotation, 
and the motion of any point R in the area is, at the instant 
considered, at right angles to RE. 

Thus, if a curve slide between two given lines, the 
intersection of the normals at the points of contact is the 
instantaneous centre. 

60. Any motion of an area in its oiun plane can he 
represented hy the rollmg of a certain determinate curve on 
another determinate curve. 

Let FQRS (fig. 87) be the curve traced out in space 
by the successive positions of the instantaneous centre, and 
let the angular velocities of the moving area corresponding 
each position of the instantaneous centre be known. 

Then, ifP, Q, ii, ... be successive positions ot 
at given infinitesimal intervals of time, the lin 
moving area QP, RQP\ SRq'p , ... will turn succes 
the positions QP\ Rqp, Si'qp, &c. 

Hence the motion can be represented by ro' 
pqrs ... on the curve PQRS .... 

But the curve pqrs.., is the locus or 
of the instantaneous centre, and the two 
determinate. 

These curves are sometimes callr 
centrodes. 

61. Ex. 1. A straight line 
between two fixed straight lines 

In this case the locus of ^ 
regard to the fixed lines 0 ’ 
radius OE, which is equ^ 

E with regard to .4 i? ip 

The motion is thr 
rolling of a circle, 
radius. 

The effect 
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therefore it follows that the path of any point Q, connected 
with AB, is an ellipse of which 0 is the centre. 

It has been shewn in Ait (57), that the envelope of the 
sliding line is a foiir-cusped hypocycloid. 

We can prove this result also by direct geometry. 

For if QCQ'y fig. 39, is the sliding line, and if EP is the 
perpendicular from- E upon QGQ\ it follows that P is the 
point of contact of the envelope of QQ', and therefore that the 
locus of P is the envelope. 

It is clear that P is a point on the circle whoso diameter 
is CEy and CE is half of OEy and is therefore one-fourth of 

^liameter of the fixed centrode EA, 

the arc EP of the small circle is equal to the are 
rolling centrode, and therefore equal to the arc 
fixed centrode. 

it follows that the path of P is the path of a 
'lerimeter of a circle rolling inside a circle of four 
s, and is therefore a four-cusped hypocycloid. 

'■in sec that the envelope of any straight line 
a given angle with QQ' and carried with 
ned hypocycloid. 

is new diameter of the rolling centrode 
dii of the fixed centrode, and the new 
he same conditions as QQ\ 

not passing through C be carried 
will be an involute of a four- 

ce c from (7, and inclined at 
perpendicular from 0 upon 
perpendicular to OA, 

'ding line 
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SO that the envelope is an involute of a four-cusped hypo- 
cycloid. 

62. The same results are true whatever he the angle 
between the two fixed lines. 

For if this angle is a, OE being the diameter of the 
circumscribing circle of QEQ is equal to 2a cosec a, and is 
therefore constant. 

The fixed centrode is therefore the circle, centre 0 and 
radius 2rtcoseca, also since QEQ is constant, the rolling 
centrode is the circle QOQ'E, the radius of which is a cosec a. 

63. Ex. 2. Two straight lines, AB, AC, containing ^ 
given angle, move so that AB, AC respectively thro^ 
fixed points P and Q. 

The point E being the instantaneous centre, / " 
diameter of the circle about PAQ, and is constant. 

Hence, the moving centrode is the circle, centre 
radius AE, while the fixed centrode is the circle iV 

The sliding motion is therefore equivalent to ■ 
produced by rolling a circle, with internal contac- 
of half its radius. 

The point-glissettes are therefore hypoti 
line-glissettes are circles. 

This last can be shewn by the formula 
EN be the carried line, at the distance C 
p = a, and p = — 2a, fig. 41 ; 

* ' ^ ~ PQ+ 2a cos ( 

i.e. the curvature is constant. 

Or, by direct geometry wr 
and G be the other end of P 


and therefore the env 
radius CN. 
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If the straight lines AB, AG slide on fixed circles, the 
results are exactly the same. 

For the straight lines drawn through the centres of the 
circles parallel io AB and AG meet at the same angle, and 
the sliding of these lines through the centres carries with it 
the motion of BAG. 

64. Ex. 8. An involute of a circle slides heUveen two 
straight lines at right angles to each other. 

Let Ox, Oy be the fixed lines, fig. 42, and let x and y be 
co-ordinates of E, the instantaneous centre. 

Then a — ti, and y — a(f>-¥ a \ 

onis case the fixed centrode is a straight line, and the 
' centrode is a circle, centre G. 

oint-glissettes are therefore cycloids and trochoids, 
e-glissettes are e volutes of a cycloid. 

've, carrying a point Q, slides on a fixed curve, 
^ of the moving curve being always in contact 


"he instantaneous centre is the centre of 
and therefore QE is the normal to the 


ver the arc PP' of the fixed curve, 
"^mental arc QQ, and if E' is the 
' E' is the consecutive normal, and 

q. Fig. 43. 

and if a is the inclination 


^ c sin a 

qw 
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Let p = radius of curvature at Q, 
and p” = radius of curvature of the evolute at E ] then 
I QFQ^ 

P W QES<f> 

_ 1 dp c sin a 

1 1 p" c sin a 

i.e. -7= - —1““ ~ —a* 

P (p® + c® + 2cp cos a)^ (p* + c* H- 2cp cos a)* 

In this case the fixed centrode is the evolute of the fixed 
curve and the moving centrode is the normal at P, so that 
the motion is equivalent to the rolling of a straight line on 
the evolute. 

If the sliding curve be a straight Hue, and the point Q a 
point in the sliding line, the angle a is a right angle, and the 
curvature of Q is given by the equation 

1 ^ I pj 

p'~(p^+c^^ (p‘+'c‘)*’ 

66. To find the point-glissettes and the line-glissettes, luhen 
a curve slides so as to touch a fixed straight line at a fixed j^oint 

P being the carried point, the relation OP =/(PF) is 
known, and therefore if OF = x and PY=y, fig. 44, 

J a? + f =/(y), 

is the point-glissette. 

Again, if AP is the carried line, and OZ the perpendicular 
upon it from 0, let 

OZ = p and ZO Y = yjr. 

Then, if TAP — a, and 5 = /((fy) is the intrinsic equation 
of the curve referred to A and the tangent at A 

« = + 
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From these equations we can obtain p in terms of i.e. the 
tangential polar equation of the line-glissette. 

In this case the instantaneous centre E is the centre of 
curvature at 0, so that the fixed ccntrode is the straight line 
OE^ and the moving centrode is the evolute of the curve. 

67. A given j)oint A. of a straight line moves along a fixed 
line Ox, and the straight line passes through a fixed p)oint C, 
at the distance CO, {(f), from Ox. 

The instantaneous centre, E, is the point of intersection 
of the straight line through C, perpendicular to AG, and of 
the straight line through A perpendicular to Ox, 

Taking a?, yas the co-ordinates of E referred to Ox and OC, 
we observe tliat if 0 is the inclination of CA to OA, 

x = c cot 9, and y =^c + x cot 9, 
so that the equation of the fixed centrode is 

= c (c - y). 

Again if x, y' are the co-ordinates of E referred %o AG and 
the perpendicular through A to AG, 

c = x' sin 9, and x = y tan 0, 
so that the moving centrode is the curve 
c^y'^ = x^ {x^ — c*), 

and the motion is equivalent to the rolling of this curve on 
the parabola, = c® — cy, 

68. A straight line passes through a fixed point O, and a 
given point A of the line moves along a given fixed curve. 

Taking 0 for the origin, let r—f{9) (fig. 45), be the 
equation of the given curve. 

Then, E being the instantaneous centre if OE = r\ 
and EOy = ff, r, & are co-ordinates of a point of the fixed 
centrode. 

Now & = 9, and r = r tan 0 = (0), 

the fixed centrode is r = f{9')- 
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Again, it AE=pj 

p = r sec <^ = sec <i>f{0)y 

^ ^~r de~ f(d)' 

and the moving centrode will be obtained by the elimination 

of e. 


09. A given point A. of a straight line moves along a fixed 
line Ox, and the moving straight line ahvays touches a given 
fixed curve. 


The point E being the instantaneous centre, let AE — p 
and EAP = </>, fig. 46, then x, y being the co-ordinates of P, 
the point of contact, 


p = AP sec 0 = 2/ sec® 0=2/ 



and 


cot 0 = — 


dy 

dx' 


Hence eliminating x and 2/, we obtain the polar equation 
of the moving centrode. 


For the fixed centrode, 


f = OA = a; + y tan (f) — x—y 
A fi 



and the elimination of x and y will give the Cartesian 
Equation of the fixed centrode. 


70, Holditclis Theorem. 


If a straight line APB, of given length a + b, moves with its 
ends A and B on the arc of a closed oval curve, and if AP = a, 
and BP = b, the difference between the area of the oval, and the 
area of the locus of the point P, is equal to vrab. 

Let Q be the point of intersection of AB with a consecu- 
tive position inclined to AB at the angle hd. 

Then if U be the area of the oval, V the area of the locus 
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of P, and W the area of the locus of Q, that is, of the envelope 
of AB, the difference ?7 — If is equal to AQ>^d6, and is 

also equal to {a + h — AQf dO. 

Hence, \i AQ — r, 

/•‘iTT 1 /•‘iff 

I rdO = ^ 1 (a + 6) = TT {a + 6), 

■j 0 0 

also W = yFQW=^j {a-rfdd, 

.■.U-V = ^[ {r^ -(a- r)"j dd = || (2ar-- a *) dd 
= air (a + 6) — 7ra^ = 7rab. 

This proof was given in the Quarterly Journal of 
Mathematics^ vol. 2, 1858. 

71. A nisler*s Planimetei\ 

Amsler’s Planimeter is an instrument employed to deter- 
mine practically the area within any closed curve on a plane 
surface, as, for instance, the area of an estate marked out on 
an ordnance map. 

It consists of two straight rods, AB, BC, jointed at P, and 
capable of free motion about the end A, which is fixed, with 
a small wheel, the plane of which is perpendicular to BG, 
capable of turning round BG as an axis. 

The centre of the wheel is sometimes at the end B of 
BG, and sometimes at some point P between P and G, but 
it might be placed at any point of BG produced either way. 

The important point to be observed is that the plane of 
the wheel is perpendicular to BG, so that the revolution of 
the wheel determines the motion of the point P in the 
direction perpendicular to BG, 

We will first take the case in which the fixed point A 
is outside of the contour line enclosing the area to be 
measured. 
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Let AB = ce, BG = 6, and let (f> and yfr be the inclinations 
of AB and BO to some fixed direction in the plane of motion. 
Fig. (47). 

.When the wheel, radius c, is at B, let the end C pass 
over an elemental arc CC' of the contour line, so that ABC 
takes up the position AB'G\ 

If cW is the angle turned through by the wheel, the area 

ABGC'BfA = I a^d4> + ^ + h.cde-, 

for, neglecting infinitesimals of the second order, it is made 
up of the triangle ABB\ the parallelogram BGDB\ HD being 
parallel and equal to BG, and the triangle HDG', Fig. (48). 

When G has moved completely round the contour line, 
and has returned to its initial position, the complete area 
swept over by ABG will be the area enclosed by the contour 
line, and this 

=J(!) + 1 

= bc9 = hsy 

where s is the total length passed over by the point B in the 
direction always perpendicular to BG. 

When the centre of the wheel is at P, let dd^ be the 
angle turned through by the wheel while AB turns through 
d(f>, BG moving parallel to itself into the position HD, and 
dd^ the angle turned through while HD turns through 
into the position HG'. 

Then edd^ is the distance between the parallel lines BG, 
HD, and cd6^ is the distance QP' perpendicular to HQ. 

Therefore the area ABGG'B'A 

=^^d‘dcl> + ^b^df + bcde^ 

= 2 a^d<f> + Q Vd^-bedd^ + be ((W, + dO^). 



<52 


GLISSKTTES. 


But cde,, = QP' = if BP = I, 

the area ABCG'B'A 

= 2 (t^d(f> + dyjr + bds, 

if ds is the element of the distance passed over by P in the 
direction perpendicular to BC, 

Hence, as before, the area enclosed by the contour line 

= bs, 

where s is the total length traversed by P in the direction 
always perpendicular to BC. 

We will now consider the case in which the point A is 
inside the contour line. 

Adopting the same notation as in the previous case, 

The area enclosed by the contour line, fig. (49), 

=^1^ (^('^d(j> + be (dO^ + d6^) + b' — blj dyfr | 

= TT (d^ + — 2bl) 4* bs. 

If the point B moves outside the closed curve, as in 
fig. (oO), the area enclosed is the difference between the 
areas swept over by AB and BC; i.e. the area 

= /{J - 1 b\- d^) - h (- edd,)- . 

Observing that 6^ and 6^ are now registered negative, 
and that BC is also turning in the negative direction, we 
have the relation, 

(“ ^ (~ dy^r), 

the area = a\l^ + + hedd^j 

~l\2 ^ 2 ~ bedd^ + be (dd^ + 

= j || u‘d<f> + Q - blj df + bds^ , 
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ds being the element of the distance traversed by P in the 
direction perpendicular to BC. 

Hence as before the expression for the area is 
'TT {(i^ + 2bl) + bs. 


72. A given curve slides betiveen tiuo straight lines at 
right angles to each other; to find the locus, with regard to the 
lines, of the instantaneous centre. 

Let X, y be co-ordinates of E, C the centre of curvature 
at P, and CK an element of the evolute at P (fig. 51). 

Then, by turning the curve round E through a small 
angle S(/), and taking K such that the angle of deflection of 
the arc GK is S<^, the tangent at K will glide into the position 
and we have 

&; = -PP' = -(p~y) 


dx 



Similarly, we shall obtain 


dy 

d(f> 


X ~ 


t 


if p be the radius of curvature at Q. 


Hence, if the intrinsic equation be known, 

P =/ (<#>) P =/ (<#* + f ) - 

and the two equations we have obtained will give x and y 
in terms of (f), and reduce the .solution of the problem to 
the elimination of <^. 


Take, for instance the case of Art. (64), in which 
p = ci<l>, 
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and therefore ^ ~ ^ ~ ~ 

I— 

Integrating these equations, and remembering tnat wlien 
(^ = 0, 00 = '^^ — a, and y = ay 
we shall obtain the equations of Art. (64), 

73. The preceding equations determine the tangent and 
normal at E, and, by ditferentiation, the curvature of the 
locus of E, 

A geometrical construction may however be given, for 
since EN=FF^EC8cl), and FN=EO'S(l> (fig. 52), 

EN : E'lV :: EC : EC, 
and the angle NEE = ECC / . 

Hence, if EF be perpendicular to EEy 

the angle FEC = ^ - E'EN = ECF, 

and F is the middle point of CC, 

If then 1), U be the centres of curvature consecutive 
to (7, C in their new positions, and E the middle point 
of the lines EF, EE intersect in the centre of curva- 
ture at E, 

For the carried locus, i.e. the locus of E with regard 
to the sliding curve, we observe that the tangent and normal 
are the same as for the locus above considered. 

For the curvature, however, let CK, G'K\ fig. 53, be 
elements of the evolute having the same deflection S<^, E' the 
intersection of the tangents at K and K\ and F' the middle 
point of KE ; then G, the intersection of EF and EF\ is 
the centre of curvature. 
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In either case, OK being an infinitesimal of the first order, 
arc EE' = EF, 2S(^ = CC'8<I>, 

da 


or ultimately 


d<f> 


= CC\ 


Also, if the FEC' in (figure 52) =^|r, 

, EC 
tant = ^jg>, 


and, if EC and EC\ i. e. p — y and p — can be found 
in terms of we shall have sufficient data for the deter- 
mination of ^ , the radius of curvature. 

dfp 

For the carried locus (fig. 58), we must add to the 
inclination of EC' to some fixed line in the moving area. 


74. If a right angle slide on the arc of a curve^ p = f (^), 
the motion is equivalent to that of rolling the curve 

^ W* y + 2 ) ' 

upon the cu't've 

x' = cos <^/' + sin (<j>), 

y' = cos {(f)) - sin <f)f' • 

For (fig. 54) if P and Q be the points of contact, the in- 
tersection -S', of the normal is the instantaneous centre, and if 
TP = x, TQ=y^ X and y are the coordinates of the carried 
locus of E, and since 

OY=p=f{(f,), 

>F=/(^ + j) and Qr=/(,^ + j). 

Hence the first two equations follow at once. 

B. R. 


5 



66 


GLISSETTES. 


For the fixed locus of E let fall the perpendicular EN on 
the initial line from which <f> is measured; then if ON—x' 
and EN = y', the second pair of equations is obtained. 

As an example, let the given curve be a three-cusped 
hypocycloid, so that 

p = a cos S(j>. 

Then it will be found that 


+ y“ = 16tt^ and + y'“ = 

so that the motion is produced by rolling a circle of radius 
4a, with internal contact, on a circle of radius Sa. 


This result can be obtained from direct Geometry. 

For (fig. 55) if F, 6r, be two positions of the centre of the 
rolling circle on a diameter QOQ\ the tangents TP, TP' at 
the points P and P' of the curve will be at right angles; 
and the normals QP, Q'P' will meet at a point E on the 
circumference of the fixed circle. It will be easily seen that 
the line TE passes through 0, and is four times the radius 
(c) of the rolling circle, so that while the fixed locus of E is 
the circle of radius 8c, the carried locus is a circle of radius 
4c, and having T for its centre. 


It will be seen that the equations of Art. (72), i.c. 


dx 





follow at once from the preceding equations. 


75. Taking the general case of any motion of a plane 
area (which however is reducible to a case of roulettes), and 
supposing that the centrodes can be found, or, which is the 
same thing, the fixed centrode, and the rates of rotation as 
compared with the increase of arc along the centrode, we 
can find simple expressions for the curvatures of the roulettes. 

To find the curvature of the roulette of a point Q. 

Let EE (Scr) be an element of the fixed centrode fig. 56, 
and a the inclination of EQ (?') to the normal at E 
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Then VQ : EQ :: QQ* : QQ -EN, 
if EN is perpendicular to EQ ; 
or radius of curvature — VQ 

rd(f> — da . cos a ’ 

If we take the case of Art. (34), 

d<}>^d<. (p + p.); 

and we obtain the formula of that article. 

If we take the case of Art. (73), 
da = 

7 '^ 

and .*. radius of curvature = . 

r — cos ct . uU 


76. To find the curvature of an envelope-7Vidette, 

Let r = EQ be the perpendicular from E on the line 
fig. 57. 


Then hs = Qq 4- qQ! = Scr cos a + EQS<j>, 

, ds da 

and jv = r + cosa ,,, 

d(f) d(f> 

For instance in the case of Art. 73, the radius of curvature 


= r + cos a . CC', 


77. To fiiid the curvature of the envelope of aiiy carried 
cu7've. 

Let EQ, Eq be normals to the carried curve, and p" the 
radius of curvature at Q, fig. 58. 

Then is—Qq-\- Q'q 

tr 

= 8(7 cos a 

qvq = s^lr, 


and if 
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therefore, radius of curvature of envelope 
_ ds 
dyjr 

p"cosa , , 

- „ a<T + rd<b 


d(l> — 


cos ad(T 
p" + r 


For instance, taking the case of Art. (50), we have 
and we fall upon the formula of that article. 


78. A triangle moves in a plane so that two of its sides 
slide on fixed curves; it is required to find the envelope of 
the third side."^ 


Let a, 7 be the perpendiculars from any fixed point on 
the sides b, c; then 

aa + 6/3 + C 7 = 2 (area of triangle) = 2A. 

Hence, if cf) be the angle which one of the perpendiculars 
makes with any fixed line, and remembering that 


a + 


d^a 

d(f>^ 


is an expression for the radius of curvature of the envelope 
of the side BG, we obtain 


ap, + bp^ + cp, = 2A, 

where p^, p^, p^ are the radii of curvature of the envelopes of 
the several sides. 


If then two of these be given, the third is determined. 


79. Ex. 1. A given tinangle moves so that two of its 
sides touch fixed circles. 

In this case and p^ are constant ; p^ is therefore con- 
stant, and the third side always touches a fixed circle. 

* The method of this article is due to Dr Ferrers. 
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This includes the example of Art. (63) as a particular 
case. 

A direct geometrical proof may be also given 

Firstly, let the sides AB, AC pass through fixed points 

P, Q. 

Through A draw AF parallel to BC, and meeting in F 
the fixed circle which is the locus of A, fig. 59. 

The angle FAP — ABC, and therefore the arc FP is 
constant, and F is a fixed point. 

Also, the perpendicular FG from F on BG is equal to 
the altitude of the triangle ABC ; therefore BG always 
touches a circle, the centre of which is at P. 

Secondly, let A./i, AG touch fixed circles having their 
centres at P' and Q\ 

Through P' and Q' draw lines P'A\ QA' parallel to AB, 
ACy and meeting BG in B' and 0' ; then, as before, EG' 
touches a fixed circle. 

80. Ex. 2. A triangle moves so that tivo of its sides 
slide on the arc of a fixed cycloid. 

In this case 

Pj = d sin and d sin a)] 

.*. cp^ = 2A — ad sin <j) — bd sin (0 -h a), 
which can be written in the form 

p, = e +/sia {(j> + ^). 

Hence it appears that the envelope of the third side is an 
involute of a cycloid. 

81. Two straight lines AB, AC, inclined to each other at 
a given angle and carrying a line AD, slide on fixed curves; 
it is required to find the envelope of AD. 

This is a particular case of Art. (78), and if ya, v be the 

* Several proofs were given, by myself and others, in the Educational 
Times for 1864. 
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inclinations oi AD to A B and AG, the first equation of that 
article becomes 

a sin /A + sin z; + 7 sin \ = 0 . 

Hence sin fi-\- p^sinv + p^ sin \ = 0, 

and if p^ and p^ are given, p^ is determined. 

82. Ex. 1 . Thus, from Ex. ( 2 ), Art. (79), we obtain 
the following result. 

If two straight lines at right angles to each other slide 
on the arc of a cycloid, the straight line bisecting the angle 
between them always touches a cycloid. 


Ex. 2 . AB, AC slide completely round an oval curve. 
In this case, if 


_ da 

d^’ 

. ^ da . ds . 

sm . = sin u -j , + sin v 
d<f> a</> 


ds 

d4>^ 


ds, ds' being elements at the points of contact of AB, AC. 

Hence, if I be the perimeter of the oval, and a the whole 
arc enveloped by AD, 

sin \ . O' = i (sin p + sin v), 


or 




. p + r 
sm 2 


Sin 


p — v 


We have put 

da 

because if « and yS are positive, 7 is necessarily negative. 
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EXAMPLES. 

1. P is a fixed point on the circumference of a given 
circle, and PQ any chord drawn through P is produced to P, 
so that QR is of constant length. If PE be drawn per- 
pendicular to QP to cut the circle again in E, and RE be 
joined, shew that RE is normal to the locus of P. 

2. Provo that a limac^on, r — a -{•h cos is a point 
roulette produced by the roiling of a circle, with internal 
contact, on a fixed circle of half its radius. 

3. The angle BAC slides over two fixed - circles ; prove 
that the point-glissettes are limagons. 

4. A parabola slides on two straight lines at right angles 
to each other; prove that its vertex and focus respectively 
describe the curves, 

xY + 2/* + 3a") == a®, and x^f = a" (x^ 4- y\ 

5. 0 is a fixed point external to a given circle whose 
centre is 0. TEB is a tangent of given length, touching 
the circle in E\ its extremity T being in CO produced. If 
CB and OE when produced intersect in AT, shew that the 
length of BO is least when TM is at right angles to TO, 

6. A plane moves in any (given) manner on a fixed 
plane : 0 is a fixed point on the fixed plane, P a fixed point 
on the moving plane; if the area described by P about 0 
is given, shew that the locus of all points (P) in the moving 
plane for which this area is the same is a circle, and that for 
different values of the area the corresponding circles are 
concentric. 

7. A given triangle moves in a plane so that one of its 
sides touches a fixed circle, and another a fixed cjrcloid ; 
prove that the third side touches an involute of a cycloid. 
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8. Two tangents OF, OQ inclined at a constant angle a 
are drawn to a closed curve, without points of inflexion, and 
OX is the external bisector of the angle POQ, Shew that 
the perimeter of the closed curve enveloped by OX : thq 
perimeter of the original curve : : 1 : sin 

9. One end A of n straight line slides along a fixed 

straight line OA, and the straight line always passes through 
a fixed point G at the distance GO, (c), from the line OA ; 
prove that this motion is equivalent to the rolling of the 
curve, -f upon the parabola, + c\ 

10. If a parabola, latus rectum 4a, slide between two 
straight lines at right angles to one another, the glissettes 
produced are the same as the roulettes produced by a 
parabola latus rectum a, rolling on the curve 

11. A straight line slides on a curve having always the 
same point in contact ; the motion is identical with that 
of rolling a perpendicular straight line on the evolute. 

Hence shew that the envelope of the straight lines drawn 
through each point of an epicycloid at a constant angle to the 
tangent is also an epicycloid. 

12. An ellipse slides on a straight line, always touching 
it at the same point ; the path of its centre is the curve 


13. A straight rod, of length 2a, slides with its ends on 
a wire in the form of the cardioid, ?" = a(l — cos ^) ; prove 
that the fixed and moving centrodes are circles. 

14. A straight line AGB slides on a fixed curve, the 
middle point G being always in contact with the curve ; if 
1/p is the curvature at G, and 1/r and I /5 are the curvatures 
of the paths of A and B, and if AJ5 = 2c, prove that 

1/r-f l/s = 2/^/pT^ 
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15. A given point in a straight line moves along a given 
diameter, produced, of a given circle, and the straight line 
always touches the circle ; prove that this motion is equivalent 
to^the rolling of a parabola upon the curve, 

ay = {x 4- cif (2ax + x^)y 

the parabola starting with its vertex at the origin. 


16. The end P of a finite line PQ travels on a closed 
curve which has no points of inflexion, and the line PQ is 
inclined at a constant angle to the normal at P. Find 
the area included between the locus of Q and the curve, 
and shew that if 0 be the centre of curvature at P the 
motion of Q is perpendicular to QO, 


17. Two tangents, inclined to each other at a given 
angle, move round a closed curve without cusps, or points 
of inflexion, and the external angle is divided into two 
constant parts a and y8; prove that the length of the 
envelope of the dividing line is to the length of the given 
curve, as 


a — )8 . a + 

cos 2“ 2 


18. One end of a straight rod moves round the cir- 
cumference of a circle, and the rod always passes through 
a fixed point of the circumference ; prove that this motion 
can he produced by rolling a circle vrith internal contact 
upon a circle of half its radius. 

19. If a straight rod pass through the vertex of a 
parabola, and one end move along the arc of the curve, 
shew that this motion can be produced by rolling the 
curve a^y* = -f 4a*) {x^ + 4a* {x^ -f y*)} upon the curve 
8ay* = ic* (« — 4a). 


20. An involute of a circle slides on a straight line, 
always touching it at the same point ; the glissettes of a 
point and a straight line are respectively a trochoid and 
an involute of a cycloid. 
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21. A parabola slides on a straight line touching it 
at a fixed point P, 

If the normal at P meet the axis in G and GR be 
drawn parallel to SP and equal to one fourth of the latus 
rectum, the normal to the path of the focus is parallel to 

PR. 

Shew also that the path of the focus is an hyperbola. 

22. If at any point of a curve whose intrinsic equation 
is 5 = a straight line is drawn making a constant angle 
a with the tangent and of length s cos a, the intrinsic equa- 
tion of the locus of its extremity will be 

,s* = f ((f>) sin a ±f((f>) cos or. 

2B. A fixed point of a straight line moves along the 
axis, produced, of a parabola, and the straight line always 
touches the parabola; prove that the motion is equivalent 
to the rolling of the curve, 

upon the curve, ay^ = ^x {x + a)^ 

24. A lamina moves in its own plane so that a point 
fixed in it lies on a straight line fixed in the plane, and 
that a straight line fixed in it always passes through a 
point fixed in the plane; the distances from each point to 
each line being equal. Prove that the fixed and moving 
centrodes are parabolas. 

25. A given right-angled triangle PQR is made to slide 
round the outside of a fixed oval curve with the point P on 
the curve, the side Pii touching it, and the side PQ normal 
to it. If s is the perimeter of the oval, prove that the length 
of the curve enveloped by QR is equal to 

(5 + 27r.PQ) sill PQR. 
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83. A rigid body is said to liave a motion of translation, 
when all planes in the body move parallel to themselves ; or, 
which comes to the same thing, when all points of the body 
pass over equal distances in the same direction. 

A rigid body is said to have a motion of rotation, or to 
have rotato^^y motion, when some plane in the body changes 
its angle of inclination to some plane fixed in space. 

In general, the motion of a rigid body can always be 
represented by a rotation combined with a translation, and 
the translation may be rectilinear or curvilinear. 

84. The wheel of a carriage, for instance, has a recti- 
linear motion of translation, combined with a rotatory motion 
about its centre ; but this, as we have seen, can be repre- 
sented by a state of rotation about the point of contact of 
the wheel with the ground. 

If a man looking straight at a particular wall of a room, 
walks round a table in the room, he has a motion of circular 
translation, but no motion of rotation ; all the points of his 
body moving in equal circles with different centres. 

As another illustration, the moon moves round the earth 
so as always to present very nearly the same face to the 
earth. 

It follows therefore that, while the centre of the moon 
moves round the earth in its oval orbit, an ellipse of small 
eccentricity, the moon turns completely round an axis 
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through its centre, that is to say, it has an angular velocity 
of four right angles per month*. 

The motion of the moon is therefore represented by a 
motion of elliptic translation, combined with a motion 'of 
rotation. 

Again, when a mass of liquid rotates uniformly, as if 
rigid, about a vertical axis, every molecule describes a circle, 
and has besides a rotatory motion, the free surface being a 
paraboloid ; whereas, in Rankine’s free circular vortex, every 
molecule describes a circle, but has no rotatory motion, and 
the free surface is convex, and has a horizontal asymptotic 
plane. 


Motion of a rigid body about a fixed point. 

85. If two straight lines OP, OQ, through the fixed 
point 0, are fixed, it is clear that the body is incapable of 
motion, and the motion of the body is therefore completely 
determined by the motions of these two straight lines. 

At any instant the point P is in motion in some definite 
direction, and the line OP has a motion in the plane 
containing this direction. 

Drawing the plane POO through OP perpendicular to 
its plane of motion, the motion of OP can be represented by 
a state of rotation about any line through 0 in this perpen- 
dicular plane. 

Similarly the motion of OQ can be represented by a state 
of rotation about an axis in a plane QOO, intersecting the 
other plane in the line 00. Both motions are represented 
by a single rotation about the line 00. 

The motion of a rigid body about a fixed point is thpre- 
fore, at any instant, a motion of rotation about some axis 
through the point. 

* About thirty years ago a curious controversy took place in the columns 
of the ‘Times’, concerning the motion of the Moon. It was asserted that, 
because the Moon always presents the same face to the Earth, it has no 
rotatory motion, and there was a good deal of correspondence before the 
matter was settled. The misconception of course was in the use and meaning 
of the word rotation. 
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86. The successive positions of the instantaneous axis 
in space will form a cone, fixed in space ; and the successive 
positions of the instantaneous axis in the body will form a 
cone, fixed in the body, and the whole motion will be 
represented by the rolling of this cone upon the fixed cone. 

These are sometimes called the fixed and moving axodes. 

An important application of this idea is the discussion of 
the motion of a body under the action of no force, in 
Poinsot’s Nouvelle TMorie de la rotation des coij)s solides. 

87. It may be useful to indicate a ditferent method of 
dealing with the ideas of the two preceding articles. 

Consider the body to be rigidly attached to a sphere, the 
centre of which is at the fixed point ; then the motion of the 
sphere will determine the motion of the body. 

If P and Q are two points on the surface of the sphere, 
the motions of P and Q determine the motion of the sphere. 

Through P and Q draw great circles perpendicular 
respectively, to the directions of motion of P and Q ; these 
great circles intersect in a point 0, which has no motion, and 
OC is therefore the instantaneous axis. 

And, exactly as in Art. (60), the locus of G on the surface 
of the moving sphere will be a spherical curve rolling on the 
arc of a fixed spherical curve, the locus of G in space, thus 
constituting the fixed and moving spherical centrodes. 

88. A circle rolls on the arc of a fixed circle, the plane of 
the rotiing circle being inclined at a given angle to the plane 
of the fixed circle ; it is required to find the position of the 
instantaneous axis. 

Take a and c as the radii of the fixed and rolling circles, 
and a as the inclination of their planes to each other. 

0 and G being the centres of the circles, the normals 
to their planes through 0 and G meet in a fixed point E, 
fig. 60, and the motion is completely represented by the 
rolling of the right circular cone vertex E, and vertical 
angle PEQ, upon the fixed right circular cone, vertex E 
and vertical angle double the angle OEP, 
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The line EP is therefore the instantaneous axis. 

The angle OPQ being a, let the angle OPE = ^ ; then 
angle 

Projecting EC and OOP upon the plane of the fixed 
circle, 

EC sin a = a 4- c cos (tt — a) = a - c cos a. 

. EP sin (a — <^) sin a = a — c cos a, 

and a sin (a — </>) sin a={a — c cos a) cos <^, 

, ^ , c — acosa 

leading to tan <p = . 

® ^ a sin a 

If a is greater than ^ ^ is positive, but if a is less than 

and ttcosa>c, is negative, and the instantaneous axis 

PE is beneath the plane of the fixed circle, results which are 
at once obvious from the figure. 

The semi-vertical angles of the fixed and rolling cones 

are respectively T — </>, and ^ — (a — and the tangents of 

It 

these angles are respectively 

a sin a i c sin a 

and . 

c — a cos a a — c cos a 

Again, if V is the velocity with which the point of 
contact moves round, 

the velocity of (7 = F '' ~ . 

Therefore the angular velocity of the disc about the 
instantaneous axis EP 

t;. a — c cos a . , , . 

= V r csin (a — 6) 

a 

_ „ J 1 1 2 cos a ) ^ 

[a!^ c“ ac ' 
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In the general case of any plane curve rolling on another 
plane curve, this is the relation between the angular velocity, 
and the velocity of the point of contact, if a and c are the 
radii of curvature at the point of contact. 

* 89. The rate of rotation is the angular velocity about 
the axis, or the spin, as it was called by the late Professor 
Clifford. It is measured by the rate of increase of the 
inclination of a fixed plane in the body, containing the 
axis, to a fixed plane in space, containing the axis. 

If OA is the axis of a spin, it is considered to be positive 
when the motion is clockwise, looking in the direction AO, 
or counter-clockwise, looking in the direction OA, 


Composition of Rotations, 

90. Parallelogram of angular velocities, or parallelogram 
of spins. 

If OA, OB arc the axes of two spins, and if the lengths 
of OA and OB are proportional to the magnitudes of the 
spins, the resultant spin is represented in magnitude and 
direction by the diagonal 00 of the parallelogram formed 
by OA and OB, 

Taking co and w' as the magnitude of the spins, the 
velocity of any point P in the plane AOB, perpendicular 
to that plane, 

= (oPD -f- (o PE, fig. 61, 

PD and PE being the perpendiculars on OA and OB. 

Now, if PD meets BC, or BC produced, in K, 

0A.PD=^ OA (PK + KD) ==BG.PK+ OA .KD 
= 2(PBa-^0BG), 

and OB.PE = 2POB, 

r. 0A.PD+0B.PE^2. POG = 0(7. PF, 
if PF is the perpendicular on 0(7. 
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Hence, if the ratio of fl to w is the same as that of OC to 
OAy the velocity of P 

and therefore OG represents the resultant spin in direction 
and magnitude. 

91. Resultant of tioo spins about parallel axes. 

Suppose a rigid body to have, at any instant, two spins, 
(o and (o\ about parallel axes through the points A and B, 

Take any point P in the plane containing these axes, 
and let PAB, be perpendicular to the axes. The velocity of 
P will be in the direction perpendicular to the plane, and its 
magnitude will be 

(oAP 4* cdBP, 

This will vanish if P coincide with a point C between A 
and By such that 

(oA 0 == Cl) BO , 

and the velocity of P will be (w -f co') CP, 

It follows that the resultant spin is of magnitude co + co' 
about the axis through G parallel to the original axes. 

If the spins about A and B are in contrary directions, 
and of numerical magnitude eo and &>', the velocity of D 
will be 

co,AP^a>\BPy 

and this will vanish if P coincide with a point G in BA 
produced, such that 

co,AG = a>\BOy 

and the velocity of P will then be (go — oo') GP, 

If in this case co = co', the velocity of any point in the 
plane will be 

co.AB, 

and therefore, equal and opposite spins about parallel axes 
are equivalent to, and may be represented by, a motion of 
translation. 
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92. A sphere rolls on a plane so that its centre moves in 
a circle. 

Let P be the point of contact, 0 the centre of the circle, 
Radius a, on which it moves, and C the centre of the sphere, 
of radius c. 

Then, if the sphere have no spin about the vertical 
diameter, OP is the instantaneous axis, and therefore the 
motion is represented by the rolling of the cone, axis OC and 
semi-vertical angle COP, upon the plane. 

The cone is the moving axode, and the plane is the fixed 
axode. 

If n is the angular velocity of the point G about the 
normal to the plane through the point 0, and if fl' is the 
spin about the instantaneous axis, looking in the direction 
PO, it follows that fl' is negative, and that its numerical 
value is all/c. 

93. If the sphere have a constant spin o) about the 
vertical diameter, a state of things which exists under certain 
dynamical conditions, the instantaneous axis is the line EP, 
such that 

0E :0P ::(o :n\ fig. (62), 

and that the fixed axode is the right circular cone, axis EO, 
and vertical angle OEP, and that the moving axode is the 
circular cone, axis EC and vertical angle PEG, so that the 
small circle PQ is the circle of contact. 

94. A sphere rolls on a surface of revolution, so that its 
centre moves in a circle. 

If P is the point of contact, and if PO, the tangent to 
the meridian at the point P, meets the axis Oz of the 
surface in the point 0, PO will be the instantaneous axis, 
provided that the sphere has no angular velocity about the 
normal at P, a state of things which is possible. 

In this case the fixed axode will be the cone, axis Oz, 
and vertical angle twice POz, and the moving axode will be 
the cone, having its vertex at the point 0, and enveloping 
the sphere. 

B. R. •• 


6 
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If the sphere should have a constant velocity about the 
normal at P, which is dynamically possible, the instantaneous 
axis will be a straight line through P meeting Oz in a fixed 
point E, The fixed axode will then be the cone, axis Ez^ 
and vertical angle twice PEzy and the moving axode will be 
the cone, having EG for its axis, and GEP for its semi- vertical 
angle. 


Motions of Translation and Rotation combined, 

95. If one point of a rigid body is fixed, it is clear that 
the body cannot have a motion of translation, but that it 
may have a spin about some axis through the point. 

It follows therefore that any state of motion of a rigid 
body can be represented by a motion of translation, combined 
with a spin about some axis. 

It will be shewn in the next article that this state of 
motion can always be transformed into a translation in some 
direction, combined with a spin about an axis in that direc- 
tion, that is by a spin on a screw. 

This screw is called the instantaneous screw. 

The successive positions of its axis, in space and in the 
body, create two ruled surfaces, which are called respectively 
the fixed and moving axodes. 

These axodes may be developable surfaces, or skew 
surfaces, or, according to Professor Cayleys nomenclature, 
torses or scrollsy and the motion of the body is completely 
represented by the rolling and sliding of the one axode on 
the other. 

96. If we have given the state of the motion of one 
point of a body at any instant, and the rotation of the body 
about some axis through the point, it is clear that the motion 
of the body is completely determined. 

With these data we can find the instantaneous screw. 

Let u be the velocity of a point 0 of a body, and OA its 
direction of motion, and let the body have the spin 6) about 
the axis OB, 
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Draw the straight line OE perpendicular to the plane 
AOBy fig. (63), and through the point E of the line draw EF 
parallel to OB, 

Apply to the body two equal and opposite spins, of 
magnitude &), about the axis EF, 

The spins cd and — (o about OB and EF are equivalent to 
the translation wr, if OE = r, in the direction perpendicular 
to the plane BOE, 

The resultant translation will bo in the direction EF, if 
r(o =■ lb sin a, 

t 

a being the angle AOB, and if v is the magnitude of the 
motion of translation, 

V = 'll cos a. 

EF is therefore the axis of the instantaneous screw, and the 
motion is represented by the velocity v in the direction EF, 
and the spin cd about EF, 

97. It will now be seen that when the motion is repre- 
sented by a spin on a screw, the magnitude of the translation 
is the least possible. 

In fact, if we apply two equal and opposite spins, each 
equal to the screw spin, about any axis parallel to the axis of 
the screw, we shall obtain a spin about this parallel axis and 
a translation perpendicular to it, which, combined with the 
original translation, will produce a translation of greater 
magnitude. 

98. Other modes of representing the motion of a body 
may be adopted. 

For instance, any state of motion can be represented by 
two spins about axes at right angles to each other, in an 
infinite number of ways. To prove this, take any point E 
in the axis of the instantaneous screw EF, fig. (64), and, in 
any plane through EF, draw two straight lines EA, EB at 
right angles to each other, and draw PEQ perpendicular to 
the plane AEB, 


6—2 
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If V and 6) represent the screw motion, and if the angle 
FEA = 6y these are equivalent to the two screws, 

V cos 0, (o cos 0, and v sin 0, co sin 0. 

Through P and Q draw straight lines PG, QD parallel t6 
EA and EB. 

Apply two equal and opposite spins, w cos 0, to PC, and 
two equal and opposite spins, w sin 0, to QD. 

If we take P and Q such that 

QE . ft) sin ^ cos 0, 
and PE . cocos 0 = v sin 0, 

all translations will disappear, and we shall be left with two 
spins, ft) cos 0 about PC, and co sin 0 about QD. 

Conversely if we are given two spins, a and /?, about axes 
at right angles, and at a given distance c from each other, we 
can determine the instantaneous screw. 


For 


Also, 


ft) cos 0 = a, and ft) sin 0 = /3 ; 
ft) =r and tan 0 — ^ . 


c^PE+QE^ 


V 

CO sin 0 cos 0’ 


V — cco sin 0 cos 0 = 

and PE:QE::^^:u\ 

so that the screw is completely determined. 


cal3 


Pitch of a Screw. 

99. In the case of a screw motion, when v is the 
velocity of translation, and co the spin, if we take a quantity 
p such that 

v — pco, 

p is called the pitch of the screw. 

If the motion continues uniform, p is the actual translation 
due to a twist through the unit of angular measure. 
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Composition of Screws. 

100. The axes of two screws intersect at right angles ; it 
%s required to find their resultant. 

Let Vy (o and v\ (a represent the two screws ; then if p 
and p* are the pitches, 

v—p(o and v* = p'to. 

Ox and Oy being the axes of the screws, fig. (65), let OP 
be the axis of the resultant fl of the two spins to and ^ 

Also let OQ bo the direction of the resultant Pof t he 
two velocities v and v. (] 

The motion is then reduced to the translation V'n iOQ 
and the spin ft about OP. 

Let the angle POx = 0, and QOx = (j). 

In the line 0^, perpendicular to the plane xOy, tsktl a 
point E at the distance z from 0, and draw EF paralleli to 
OP. 

Apply to the body two equal and opposite spins about 
EF, each equal to fl. 

The motion then consists of the spin about EF, the 
translation ^Iz perpendicular to the plane EOP, and the 
translation V in OQ. 

The resulting translation is in the direction EF, if 
zil=V sin ((f) — 6) = v' cos 0 — v sin 6, 

leading to zD,^ = (p' — p) (1), 

or 2 = (p' — p) sin 6 cos 6. 

This determines the position of the axis of the resultant 
screw, the spin of which is ft, and the translation U, where 


Sl = J<o^ + o>'% 



86 


CYLINDROID. 


and V cos {<f> — d) — v cos 0 + 1 ;' sin 6 

= po) cos 0 4- pco sin 6 
= {p cos“ 0 +p' sin“ 6), 
so that if 'sr is the pitch of the resultant screw, 

-cr = p cos* 6 +p' sin* 6, 

If we measure 6 from the line bisecting the angle between 

the axes of the screws, that is, if we write ~ + 6 for 6 we 

4 

obtain 


2 - 2 : = (p' — p) cos 20, 

2 ?7 = fl {p' + p + (p' — p) sin 20}. 

The Gylindroid. 

de^l. If p and p' are i if o) and 0 )' are allowed to 

cht-pQ.e, the angl^^ !e, and the position of the 

ins itaneav ^ cjs.^&nange. 

t will trace out a skew surface, conoidal, of which Oz is 
the. axis, and, since the equations defining its position are 

z = (p' — p) sill 0 cos 0, y — x tan 0, 
it follows by the elimination of 0 that 

z{a?^tf) = {p' -p)xy 
is the equation of the conoidal surface. 

This surface is called a cylindroid, in the nomenclature 
of Sir R. S. Ball (Ball's Theory of Screws). 

Turning the axes of x and y through half a right angle, 
the equation takes the form 


an* 


trans] 

1 * 

IS, ft) 

Con 

•ighi 


(a? + y') = {p' -p) {a? - f). 


102. The axes of two screivs intersect at the angle 2a; 
it is required to find their resultant. 

Take Ox and Oy bisecting the angles 2a and nr — 2a, the 
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screws p and p' having for their axes OA and OB respec- 
tively. 

The translations are (/ + v) cos a, and (y' — v) sin a, and 
the spins about Ox and Oy are 

{(o -f- 0 )) cos a, and (o) — «) sin a. 

Taking XI and V as the resultants and 6, as the inclina- 
tions to Ox, we have 

4- cos 2a, Xl^ = 4- o)'^ 4- 2(00}' cos 2a. 

V cos 0 = (v 4- y) cos a, XI cos 0 = (&>' + a>) cos a, 

V sin (f) = (v' — v) sin a, XI sin 0 = (&>' — co) sin a. 

As in Art. 100, if we take zfl ~ V sin {<f> — 6), 
we obtain .^Xl^ = (p' —p) coco' sin 2a .(1), 

which becomes equation (1) of Art. 100, when AOB is a 
right angle. 

The spin of the resultant screw is XI, and, if U is the 
translation 

= Fcos — 0), 

so that 

^l.U= {pay 4-pa)) (o)' 4- (o) cos* a 4- (p w' —pw) {ay ~ ay) sin* a, 
= po)* 4-p'a)'* 4- (p' 4- p) 0 ) 0 )' cos 2a. 

Taking 'gt as the pitch of the resultant screw, and 
observing that 

ay sill 2a = XI sin (a 4- ^), and ay sin 2a = Xi sin (a — 6), 
we obtain the equation, 
sin* 2a = p sin* (a 4- 0) 4- p sin* (a — 6) 

4- (p' 4- p) (sin* a — sin* 0) cos 2a (2). 

Again, we obtain, from (1), 

z sin 2a = ( p' — p) (sin* a — sin* 6), 
and if we put y — x tan 0y and eliminate 6, we find that 
^ (a;* 4- 2/*) sin 2a = ( p' — p) (a?* sin* a — cos* a), 
is the Cartesian equation of the surface traced out by the 
axis of the resultant screw when p and p are fixed, and 
fi), ay' are variable. 
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103. The shortest distance between the axes of two screws is 
2c, and 2a is the inclination to each other of the axes ; it is 
required to find the resultant screw. 

Take the middle point of the shortest distance as origin, 
and as axes of x and y, take the straight lines bisecting the 
angles 2a and tt — 2a. 

Let AC he the axis of the screw p, and take for its 
equations 

y = ^x tan a, z = — c. 

Then, if BD is the axis of the screw p\ its equations are 
y — x tan a, z^ c. 

Let OK and OL be the projections on the plane xy of 
the axes AC and BD. 

Applying equal and opposite spins about OK and OL, 
the screw p is equivalent to the translation v in OK, the 
spin ft) about OK and the translation Cft) perpendicular to 
OK, in the direction figured. Fig. (66). 

Similarly the screw p' is equivalent to the translations v' 
in OL, the spin ft)' about OL, and the translation cg)' in the 
direction perpendicular to OL. 

The motion is therefore equivalent to the translations, 
parallel to Ox and Oy, 

(D'-h v)cos a —(&)'+ (o)c sin a, t))sin a -f (cd'— G)) ccosa. . .(1), 

and the spins about Ox and Oy, 

(ft)' + ft)) cos a, (ft)' — ft)) sin a (2). 

As before take ft and V as the resultants, 0 and 0 as the 
inclinations to Ox, so that the above quantities are equal to 

V cos <^, V sin 4>, ft cos 0, ft sin 0. 
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If we take z such that 

zil = V&m((l> — d) (3), 

we obtain 


ziV = {p' —p) cD(o' sin 2a + (o)'^ — «“) c, 
which determines the position of the resultant screw axis. 

If c = 0, we obtain the result of Art. 102. 

The spin of the resultant screw is fl, and if U is the 
translation, 

f/=Fcos(</)-0) (4), 

leading to 

n U —p'(o'‘^ + po)* 4* (p' + p) cos 2a — 2ca)a>' sin 2a. 

If we put 2 / = ic tan we obtain, from (3), 

+ y^) sin 2a = (p' — p) sin* a ~ 2/* cos* a) + 2cxy sin 2a. 

104. Conversely, any screw can be decomposed into two 
screws having their axes in any two planes parallel to the 
axis of the given screw, and having these axes inclined to 
each other at any given angle. 

These conditions fix the values of a, c, and Zy and, if 
we take U and as the elements of the given screw, we can 
assume 6 at pleasure, so that V and </> will be determined by 
the equations (3) and (4), and then the equivalences of V cos (^, 
V sin <f>y n cos d, n sin 0 to the expressions (1) and (2) will 
determine the elements of the two screws. 

105. To prove that a cylindroid is completely determined 
if two screws are given. 

Adopting the notation of Art. 103, let axes of f and n, 
parallel to the plane xy, meet in a point on the axis of at a 
depth f below the plane of xy^ and let be the inclination 
of the axis of x to the axis of so that yfr + a and — a are 
the inclinations to the axis of f of the axes of the screws p' 
and p. 
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Also let CT and tjr' be the pitches of the f and t] screws. 
Then if the p and p screws are on the cylindroid defined 


by CT and we have from Art. 100, 

'P = tzr cos® (i/r + a) + -sr' sin® + a) (1), 

p = OT cos® 'st' sin® — a) (2), 

f 4- c* = (tsr' — 'Bj) sin (i|r + a) cos (i/r + a) (3), 

f — c = (tsr' — ct) sin — a) cos — a) (4). 

From (1) and (2) we obtain 

p! —p = (tsr' — 'sr) sin 2i/r sin 2a, 
and from (3) and (4), 

2c = ('sr' — 1 st) cos 2^/r sin 2a (5) ; 

and 2c tan 2i^ =p — p\ which determines y^. 


Again y 4-p == + to- -- (tzr' — Bcr) cos 2i^ cos 2a 

= to-' + tar — 2c cot 2a (6) 

and, adding together (3) and (4), 

2f = (to-' — to-) sin 2i/r cos 2a 
or 2^ = {p —p) cot 2a, which determines 

Lastly 'ST and to-' are given by the equations (5) and (6), 
and the cylindroid is therefore completely determined. 

It is obvious that the resultant of the screws p and p' is 
on the cylindroid given by to- and to-'. 

For each screw is decomposable into two having ^ and ri 
for axes, and the two pairs of f and r) components are each 
equivalent to one f component and one rj component, and 
therefore to a screw on the cylindroid. 

It will be seen also that the spins of the three screws 
follow the parallelogrammic law and are therefore in the ratio 
of the sines of the angles between the axes of the screws. 
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106. The equations of the axis of the instantaneous 
screw. 

The motion of a rigid body being completely represented 
by the motion of a point of the body, and a rotation about 
some axis through that point, let iiy v, w be the component 
velocities of the point O', and Wj, cOg, the component 
angular velocities about axes through O'. 

If x\ y\ z are coordinates of a point P of the body 
referred to O', its velocities relative to O' are 

- y'ojg, XQ)^ - ZQ)^ , - XO)^ , 

and the actual velocities of P are obtained by adding u, v, w 
to these expressions. 

The point P will be a point in the screw axis if the 
direction of motion of P is coincident with the direction of 
the axis of resultant angular velocity, that is, if 

+ /ft)g — y'cOg _ -y + — z'eo^ _w-h 

These then are the equations of the screw axis referred 
to O', and, knowing the position of the axes through O' 
relative to axes fixed in space, we can determine the position, 
relative to those fixed axes, of the screw axis. 

107. A sphere rolls between two parallel surfaces of 
revolution which are rotating about their common axis with 
different angular velocities; it is required to determine 
the motion, and the axodes. 

If P and Q are the points of the sphere in contact 
with the surfaces at the distances r and r' from the axis, 
the velocities of P and Q are the same as those of the 
points in the surface with which they are in contact, and 
are therefore, fig. (67), 

car and o)'r' 

in the direction perpendicular to the plane COE. 
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Hence if V is the velocity of C, 

V = ^ (tor + a)Y), 

in the same direction, and it follows that G moves in the 
circle centre with the velocity V. 

If the system be started from a state of repose, the only 
angular velocity of the sphere about C will be about the axis 
GA, and if fl be this angular velocity, 

^ _ «e)V' — eor 
2c ' 

If we take the point F such that 

V=n.GF, 

the instantaneous axis is the line FB parallel to GA, and 
meeting the axis of the surfaces in a fixed point. 

Hence the fixed axode is the right circular cone, vertex 
E, axis EOy and vertical angle 2FEO, and the moving 
axode is the cone, vertex E, axis EG and vertical angle 
2FEG, 

108. A sphere rolls between two parallel planes, which 
are rotating, with equal angular velocities in the same 
direction, about fixed axes perpendicidar to the planes ; to 
determine the motion and the axodes. 

Let the plane through G, the centre of the sphere, 
parallel to the given planes, intersect the two axes of rota- 
tion in A and B, and if P, Q are the points of contact, take 
P above this plane, and Q beneath it. 

Take c for the radius of the sphere and let 
AE — EB = a. 

Starting the system by suddenly setting the planes in 
motion, the velocities of P parallel to x and y, i.e. perpen- 
dicular and parallel to AB, are to. AN and (ji>GN ; and the 
velocities of Q are (oBN and <oGN, N being the projection of 
G upon AB. 
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Therefore the velocities of G parallel to x and y are 
(oEN and a> . ON, 

that is, the point C moves uniformly in the circle, centre 
E and radius EG (6 say). 

Again there is no angular velocity about Gx, because 
the velocities of P and Q in the direction Gy are equal; 
but, the angular velocity about Gy 

CO . AN coBN a ^ 

= = -«^^ = nsay. 


The motion is now represented by the translation coh 
in GK perpendicular to EG, and the rotation about Gy. 

The screw axis is parallel to Gy and is at the height 
above G given by the equation 


z fl + cob cos 's}r = 0y or co z = cob cos 
the angle KGx being yjr, so that 


z = 


-.EN. 

a 


The spin about the screw axis is — o) -- 


and the translation 


is cob sin 

The axodes are clearly cylindrical surfaces, and if GN = x, 
we have x = b sin yjr, 



bV 


= 1 , 


is the equation of the fixed axode. 

To find the moving axode, observe that while EG turns 
through the angle yjr, a vertical diameter of the sphere turns 

through the angle so that, taking p and e as polar 
c 

coordinates of the screw axis, referred to G and this moving 
diameter, we have 

be , j a . 
p = 2 = — cos Y, and e = ~ y ; 
a c 


be 

/. p = — cos 
^ a 


ce 
a ’ 
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is the polar equation of the moving axode. This moving 
axode rolls on the elliptic cylinder which is the fixed axode, 
and slips backwards and forwards with the variable velocity 
(ob sin 

109. We have assumed in the preceding discussion that 
the system was originally at rest, and the planes set in 
motion, so that no rotation would be produced about the 
diameter perpendicular to the planes. If originally the 
sphere was rotating about this diameter, the angular velocity 
will remain unchanged, as we know from dynamical con- 
siderations. 

The effect would be that the axodes would retain the 
same general forms, but that the axes of these cylinders 
would not be parallel to the planes. 

110. It may be useful to obtain some of the results 
of Art. 108 in a different manner. 

Taking Gx and Gxj as axes, let the motion be represented 
by the velocities w, % of G, and the rotations Wj, of the 
sphere about Cx and Gy, 

We have to express the fact that the velocities of the 
points P and Q of the sphere are the same as those of the 
points of the planes with which they are in contact. 

If AC" = r, BG = /, GAN== 0, GBN^ 
the conditions for the point P give the equations, 

XL -I- ccDg = ro) cos 0y V — Cco^ = rco sin 0, 

and, for Q, 

u - co >2 = rco cos v+ Cft)j = rco sin (f) ; 
we have also, 

r sin 0 = r' sin <f), and r' cos ~ r cos 0 = 2a, 

Hence we obtain, 

2u= CO (?•' cos -f r cos 0\ 2v = (o (?*' sin 4- r sin 0), 
cco^ = - aco, coj = 0 ; 
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J u‘ + v‘ = ^ft) Jr^ + ?•'“ — 2rr' cos (6 — <ji) = wb, 

, V 2GN OF , , 

u~ BN + AN~ ~EN~ 

shewing that the motion of 0 is in the circle of radius 6, and 
that the only rotation is about Gy. 

111. If in Art. 108 the rotation about the axis through 
B is in the opposite direction to that of the rotation about 
the axis through A, the effect is that the centre moves 
uniformly in the straight line CN, and that the sphere 
rotates with an angular velocity proportional to the length 
of EG about the axis which is inclined to Gx at the same 
angle as GK. 

The fixed axode is a skew surface of the form, 
hz (x^ + y^) + OA^^xy = 0, 

a conoidal surface, and it will be seen that the moving axode is 
also a skew surface. 



MISCELLANEOUS EXAMPLES. 


1. A smooth rigid wire bent into a curve turns round a 
fixed point in its own plane, and pushes a particle before it 
in a straight line. Find the form of the curve and shew 
that if it move with uniform angular velocity the particle 
moves with uniform velocity. 

2. Qy C, P are fixed points in a rod. Q describes a circle 
whose centre is 0 and radius a, C describes a straight line 
passing through 0 ; shew that generally P describes an egg- 

shaped oval, whose area is ™ ^ > ai^d that the radii of 

curvature of its ends are 

a(? 

a(6-fc)±6‘^’ 
where QO — b, CP = c. 

3. If a catenary rolls on a straight line, the envelope 
roulettes are involutes of parabolas. 

4. An ellipse rolls on a fixed horizontal straight line (the 
axis of x). Shew that the locus of the highest point of the 
ellipse is given by the equation, 

d'jc _ 'if — 

dy~ y‘^J {{4V - /) (y" - W)] ' 

5. An ellipse rolls on a straight line ; prove that the 
difference between the lengths of the radii of curvature at 
corresponding points of the paths traced out by the foci is 
constant. 

6. A cycloid rolls on an equal cycloid, corresponding 
points being in contact ; shew that the locus of the centre 
of curvature of the rolling curve at the point of contact is a 
trochoid whose generating circle is equal to that of either 
cycloid. 
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7. Prove that the intrinsic equation o f the envelope of 
the directrix of a catenary of parameter c rolling on a circle 
of radius c will be found by eliminating a between the 
equations 

s 1 ^ 5 , 1 + sin a 

- = - tan a sec a + ^ log - — - . 
c 2 4^1— sm a 

and </) = « + tan a. 


8. The cardioid r = a (1 — cos 0), rolls on a straight line; 
prove that the intrinsic equation of the roulette of the 
cusp is 

2.S* = Sa (2(f> — sin 2(^), 

measuring from the point of contact of the cusp. 

Prove also that its Cartesian equation is 

that its area is 7ra\ and that the radius of curvature of 
4 

the roulette of the cusp is three times its distance from the 
point of contact. 


9. Shew that the problem for the determination of the 
caustic of a curve for rays proceeding from a point is the 
same as that of finding the evolute of the roulette traced out 
by the point corresponding to the given point, when an 
exactly equal curve is rolled upon the given curve, corre- 
sponding points being in contact. 

Examine in particular what this becomes in the case of 
(i) rays proceeding from the focus of a parabola, (ii) rays 
proceeding from a point on a circle. 


10. Prove that the curve on which an ellipse must roll 
in order that its centre may move in a straight line is given 
by the equation y/a = dn xjb, the modulus being the eccen- 
tricity of the ellipse. 

B. • 


7 
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MISCELLANEOUS EXAMPLES. 


11. The right angle BAO slides so that AB, AC touch 
respectively two fixed circles ; if c is the distance between 
the centres of these circles, prove that the fixed and moving 
centrodes are circles of diameters c and 2c. 

If r and r are the radii of the two circles, and if t and 
t' are the distances from A to the points of contact, prove that 
the radius of curvature of the path of the point A is equal to 

{(‘ + 

2 {f + f^) — rt' — rt ’ 

Prove also that, if d is the distance between the points 
of contact, and c the distance between the centres of the 
circles, this expression is equal to 

12. If a helix rolls on a straight line which it always 
touches, while its axis moves in a plane, any point of the 
helix traces a cycloid. 

13. Two cylinders of different radii are placed on a table 
with their axes parallel. A board is placed upon them and 
drawn along in a direction perpendicular to the axes of the 
cylinders. If there be no slipping prove that the spaces 
passed over by the centres of the two cylinders are the same, 

1 s 

and that each is equal to - ^ , where s = space traversed by 

the board, and 2x = angle between board and table. 

14. Two equal circular discs of radius c with their planes 
parallel are fastened at their centres to a bar, the discs being 
inclined to the bar at the angle a. The two wheels thus 
formed being rolled along a plane, prove that the intrinsic 
equation of the track of either wheel upon the plane is 

. s sin <f> 

sin - = . 

c cos a 

15. The translations of two points of a rigid body are 
given in direction and magnitude, and there is no spin about 
the line joining them ; find the screw axis. 
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16. A sphere rolls between two co-axial cylinders, 
which are rotating about their common axis ; while one of 
them is sliding along its axis ; prove that the path of the 
centre is a helix, and that the fixed axodc is the surface 
generated by the tangent to a helix. 

17. Find the fixed and moving axodes in the case of the 
steady motion of a top. 

18. A sphere rolls between two concentric spheres, which 
are rotating about fixed diameters; determine the motion of 
its centre. 

19. The vertex of the tangent cone to a fixed sphere, ceritre 
O, moves round the circumference of a fixed circle, centre 0, 
in the plane perpendicular to OG, the cone having no rotation 
about its axis ; find the axodes. 

20. A sphere rolls between two parallel planes, which 
have different spins about fixed axes perpendicular to their 
planes ; determine the motion of its centre. 
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7x. 6d. net. 

Theocritus. Edited, with Introduction and 
Notes, by R. J. Cholmeley, M.A. Crown 
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Marchant, M.A.,and j. G. Spencer, B.A. 
With Coloured Plates and numerous other 
Illustrations, ix. 6d. each. 

Bell’s Concise Latin Course. Part i. 
By E. C. Marchant, M.A., and J. G. 
Spencer, B.A. is. 

Bell’s Concise Latin Course. Part il. 

By E. C. Marchant, M.A., and S. E. 
WiNBOLT, M.A. IS, 6 d. 


, CothumulUS. Three Short Latin Historical 
Plays, with Vocabularies. By Prof. E. V. 
I Arnold, Litt.D. rx. 
jEclOgse Latinse; or. First Latin Reading 
Book. With Notes and Vocabulary by the 
late Rev. P. Frost, M.A. ix. 6*/. 

' Latin Exercises and Grammar Papers. 

i Bv T. (.'oLLiNs, M.A. is.6d. 

' Unseen Papers in Latin Prose and Verse. 

By T. t^oLLiN.'-, M.A. is. 6d. 

I Latin Unseens. Selected and arranged by 
i E. C. Marchant, M.A. ix. 
j Latin Reader (Verse and Prose). By W. 
i Kino Gillies, M.A,, and H. J. Anderson, 
I M.A. 2x. 

, liatin of the Empire (Prose and Verse). 

I By W. King Gillies, M.A., and A. R, 
('UMMING, M.A. 4S. f*d. 

i First Exercises in Latin Prose Com- 
position. By E. A. Wells, M.A. With 
Vocabulary, ix. 

Materials for Latin Prose Composition. 

By the Rev. P. Frost, M.A. ax. Key, 4X. net. 



George Bell ^ Sons' 

Latin and Greek Class Books— co»im«e(i 

Passages for Translation into Latin I Res Romanae, being brief Aids to the His- 

Prose. By Professor H. Nettlbshii*, j tory, Geography, Literature and Antiquities 
M.A. ii. Key. 4/. 6«i. net. | of Ancient Rome. By E. P. Coleriupb, 

Easy Translations from Nepos, Caesar, ! M.A. With 3 maps. ar. 6^/. 

Cicero, Livy, &c., for Ketransiation into j Climax Proto. A First Greek Reader. 
Latin. By T. Collins, M.A. ar. ! With Hints and Vocabulary. By E. C. 

Memorabilia Latina. By F. W. Leva.vder, j Marchant, M.A. With 50 illustrations. 

F.R.A.S. js, I if.6d. 

Test Questions on the Latin Language. ! Greek Verbs. By j.s. Baird, t.c.d. is.ed. 

Bv F. W. Levanper, F.R.A.S. u. 6./. ' Anslecta Grseca Minora. With Notes and 

/lAtin Syntax Exercises. By L. D. | Dictionary. By the Rev. P. Frost, M.A. 

Wainwrioht.M.A. Five Parts. SJ.each. as, 

. A Latin Verse Book. By the Rev. P. I Unseen Papers in Greek Prose and Verse. 

Frost, M.A. as. Key, net, I By T. Collins, M.A. 3s. 

^ Latin Elegiac Verse, Easy Exercises in. Notes on Greek Accents. By the Rt. Rev. 
By the Rev. J. Penrose, a/. Key, jr. 6<l. A. Barry, D.D. is. 
net. Res Graecae. Being Aids to the study of 

Toliorum Bilvula. Part I. Passages for the History, Geography, Archaeology, and 
Translation into Latin Eiegiac and Heroic Literature of Ancient Athens. By E. P. 

Verse. ByH. A. Holden. LL.U. •js. (id. Coleridge, M.A. With 3 Maps, 7 Plans, 

lEtoW to Pronounce Latin. By J. P. and 17 other illiLstrations. 5^* 

Postgate, Ljtt.D. is . iNotabllia Quaedam. if. 

Bell’s Classical Translations 

Crown 8 vo. Paper Covers. 15. each 

iEscbylUS: Translated by W.^^lter Head- livy. Books V. and VI. Translated by E. S. 
LAM, Litt.D. Agamemnon— The Suppliants Weymouth, M.A. Lond. With Maps, avols. 

— Choephoroe — Eumenides — Prometheus — Book IX. Translated by Francis 
B ound— Persians — Seven against Thebes. Storr, M.A. With Map. 

Aristopbanee : The Achamians, Trans- Books XXL, XXII., XXIIl. Trans- 
lated Dy W. H. Covington. B.A. lated by J. Beknard Baker, M.A. 3 vols. 

— — The Plutus. Translated by M. T. Lucan: Tlie Pharsalia. Book I. Trans- 
Quinn, M.A. lated bv Frederick Co.wvay, M.A. 

<€8B8ar’S Gallic War. Translated by W. A Ovid’s Fasti. Translated by Henry T. 
M‘Dbvitte, B.A. a Vols. (Books I.-IV., Riley, M.A. 3 vols. Books I. and IL— 
and Rooks V. -VII.). Books III. and IV. — Books V. and VI. 

Cicero: Friendship and Old Age. Trans- Tri.stia. Translated by Henry T. 

lated by G. H. \yELLS, M.A. Riley, M.A. 

— Orations, Translated by Prof. C. D. Plato: Apology of Socrates and Crito(i vol.), 
Yonge, M.A. 6 vols. Catiline, Murena, Phiedo. and Protagoras. Translated by H. 
Sulla and Archias (in one vol.), Manilian Cary, M.A. 3 vols. 

Law, Sextius, Milo. Plautus: Trinummus, Aulularia.MenKchmi, 

Demosthenes on the Crown. Translated and Captivi. Translated by Henry T, 
by C. Rann Kennedy. Riley, M.A. 4 vols. 

Euripides. Translated by E. P. Coleridge, SophOCles. Translated by E. P. Cole- 
M.A. 14 vols. Medea — Alcestis— Hera- ridge, M.A. 7 vols. Antigone— Philoc- 

cleidae — Hippolytus — Supplices — Troades — tetcs—QEclipus Rex — CEdipus Coloneus— 

Ion — Andromache — Bacchse — Hecuba — Electra — Trachinia; — Ajax. 

Hercules Furens — Orestes— Iphigenia in ThUC^dideS. Book VI. Translated by 
Tauris. E. ( . Marchant, M.A. 

Homer^sniad. Bks.I.andII.,Bk8.III..IV., Book VII. Translated by E. C. Mar- 

Bks. V.-VL, Bks. VII.-VUl., Bks. IX-X. chant, M.A. 

Translated bvE. H. Blakeney, M.A. 3 vols. Virgil. Translated bv A. Hamilton Bryce, 

— Book X)ilV. Translated by E. H. LL.D. 6 vols. Rucolics — Georgies — 

Blakeney, M.A. ^neid, 1-3— ^neid, 4-6 — /Eneid, 7 ‘ 9 "* 

Horace. Translated by A. Hamilton /Eneid, 10-12. 

Bryce, LL.D. 4 vols. Odes, Books I. and XenophOU’S Anabasis. Translated by the 
II.— Odes, Books 111 . and IV., Carmen Rev. J. S. Watson, M.A. With Map, 3 

Seculare and Epodes — Satires — Epistles vols. Books I. and II. — Books III., IV., 

and Ars Poetica. and V, — Books VI. and VII. 

Livy. Books I., II. , HI.. IV. Translated by Hellenics. Books I. and II. Trans- 

J. H. Freese, M.A. With Maps. 4 vols. lated by the Rev. H. Dale, M.A, 

■ *** For Other Translations from the Classics, see the Catalogue of Bohn’s 
Libraries, which will be forwarded on application. 


Select Educational Catalogue 


MATHEMATICS 

Full catalogue of Mathematical Books post free on application 

Cambridge Mathematical Series 


New School Arithmetic. By c. Pendle- 
BURY, M.A., and F. E. Robinson, M.A. 
With or without Answers. 4J. 6d. In 
Two Parts, aj. 6d. each. 

Kev to Part II., 8j. td, net. 

New School Examples in a separate 
volume, ar. Or in Two Parts, is. 6d. and 2s. 
Arithmetic, with Sooo Examples. By C. 
Pendlebury, M.A. 4J. 6 / 1 . In Two Parts. 
2s, 6d. each. 

Key to Part II., *js. 6d. net. 

Examples in Arithmetic. Extracted from 
the above. 35. Or in Two Parts, if. 6d. 
and 3 f. 

Commercial Arithmetic. By c. Pendle- 
BURY, M.A., and W. S. Beard, F.R.G.S. 
2S. 6d. Part I. separately’, is. Part II., is.6d. 
Arithmetic for Indian Schools. By C. 

Pendlebury, M.A., and T. S. Tait. 3/. 
Examples in Arithmetic. By C. O.Tuckey, 
M.A. With or without Answers, 3f. 
Junior Practical Mathematics. ByW. 
]. Stainer, B.A. a*., with Answers, 
a.f. 6d. Part I., if. 4d., with Answers, if. 6d. 
Part II., i.f. 4d. 

Elementary Algebra. By w. M. Baker, 
M.A., and A. A. Bourne, M.A. With or 
without Answers. 4s. 6d. In Two Parts. 
Part I., aj. 6d., or with Answers, 3J. Part 

II. , with or without Answers, 2s. td. 

Key, lof. net ; or in a Parts, 5f. net each. 

Examples in Algebra. Extracted from 
above. With or without Answ’ers, 3X. Or 
in Two Parts. Part 1 ., if. 6d., or with 
Answers, ax. Part II., with or without 
Answers, af. 

Examples in Algebra. By c. o. Tuckry, 

M.A. With or without answers. 3x. 

Supplementary Examples, td. net. 

Elementary Algebra for use in Indian 

Schools. By j.T. Hathornth WAITE, M.A. 
3 f. 

Choice and Chance. By W. A. Whit- 
worth. M.A. 7f. 6d. 

— DCC Exercises, including Hints for 
the Solution of all the Questions in ** Choice 
and Chance.’* 6s. 

Euclid. Books I. — VT., and part of Book XI, 
By Horace Deiohton, M.A. 4X. td., or 
Book I., If. Books I. and II., is.6d. Books 
I.— III., ax. td. Books I. — IV., ax. Books 

III. and IV., If. td. Books V.— Xl., ax. 6d. 
Introduction to Euclid. By Horace 

Deightun, M.A., and O. Emtage, B.A. 
TX. td. 

Euclid. Exercises on Euclid and in Modern 
Geometry. Bv J. McDowell, M.A. 6/. 
Elemental Graphs. By w. M. Baker, 
M.A., and A. A. Bourne, M.A. td. net. 


Elementary Geometry. By W. M. Baeer, 
M.A.,and A. A. Bourne, M.A. 4 X. td. Or 
in Parts. Book I., ix. Books I. and II., 
is.td. Booksl.-ill., 3X.6(/. Books II. and 111., 
IX. 6d. Book IV., IX. Books I. -IV., ax. 
Books II.-IV., ax. td. Books III. and IV., 
IX. td. Bonk V., IX. td. Books IV. and V., 
ax. Books IV.-VII., 3 X. Books V.-VII., 
ax. 6rf. Books VI. and VII., ix. td. 
Answers to Examples, td. net. Key, 6x. net. 
Examples in Practical Geometry and 
Mensuration. By J.w. Marshall, M.A., 
and C, O. Tuckey, M.A., ix. 6d 
A New Trigonometry for Schools. By 
VV. G. Borchardt, M.A., and the Rev. 
A, D. Perrott, M.A. 4s. td. Or in Two 
Parts, ax. td. each. 

Key, lox. net; or in a Parts, 5 ^* net each. 
Elementary Trigonometry. By Charles 
Pendlebury, M.A„ F.R.A.S. td. 

Short Course of Elementary Plane Tri- 
gonometry. By Charles Pendlebury, 
M.A. ax. 6d. 

Elementary Trigonometry. By J. M. 
Dyer, M.A., and the Rev. R. H. Whit- 
combe, M.A. 4t> td. 

Algebraic Geometry. By W. M. Baker, 
M.A. 6f. Part I. ( The Straight Line and 
Circle), ax. td. Key, p, td. net. 

Practical Solid Geometry. By the Rev. 

Percy U.wvin, M.A. 4x. td. 

Analytical Geometry for Beginn^ 

By Rev. T. G. Vyvyan, M.A. Part I. The 
Straight Line and Circle, ax. td. 

Conic Sections, treated Geometrically. By 
W. H. BESANr.Sc.a, F.R.S. 4x.6rf. Key, 
<x. net. 

Elementary Conics, being the first 8 chap- 
ters of tne above, ax. td. 

Conics, the Elementary Geometry of. 

By Rev. C. Taylor, D.D. Sx. 

Differential Calculus for Beginners. 

By A. Lodge, M.A. With Introduction by 
Sir Oliver Lodge. 4 ^* td. 

Integral Calculus for Beginners. By 
A. Lodge, M.A. 4^. td. 

Roulettes and GUssettes. By W. H. 

Besant, Sc.D., F.R.S. p. 

Geometrical Optics. An Elementary 
Treatise by W. S. Aldis, M.A. 4X. 
Practical Blathematics. By H . A . Stern, 
M.A.. and W. H. Topham. 4s. td.; or 
Part I., ax. 6d . ; Part IL, 3x. td. 

Elements^ Hydrostatics. By w. H. 

Besant, Sc.D. 4s. td. Solutions, sx net. 
Elementary Mechanics. By c. M . j essop, 
M.A., and J. H. Havelock, M.A., D.Sc. 
4X. td. 
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Cambridge Mathematical Series— confoMweti 


Experimental Medianics for Schools. 

Hy Freo Charles, M.A., and W. H. 
Hewitt, H.A., H.Sc. 3^. td. 

The Student’s Dynamics. Comprising 
Statics and Kinetics. By G. M. Minchin, 
M.A.. F.K.S. is.td. 

Elementary D^amics. By w. M. 
Baker, M.A. New Revised Edition, 4f. td. 
Key, lor. (td. net. 

Elementary Dynamics. By W. Garnett, 
M.A., D.C.L. 6j. 

D^amiCS, A Treatise on. By W. H. 
Besant, Sc.D., F.R.S. io;. 6d. 


Heat, An Elementary Treatise on. By W. 
Garnett, M.A., D.C.L. 4J. 6d. 

Elementary Physics, Examples and Ex- 
amination Papers in. By W. Gallatly, 
M.A. 4/. 

Mechanics, A Collection of Problems in 
Elementary. By W. Walton, M.A. 6i. 

Uniform Volume 

Geometrical Drawing. For Army and 
other Examinations. By R. Harris, y . bd . 


The Junior Cambridge Mathematical Series. 


A Junior Arithmetic. ByC. Penolehuky, 

M.A., and F. E. Robinson, M.A. li. bd 
With Answers. 2 j. 

Examples from a Junior Arithmetic. 

Extracted from the above, u. ; with 
Answers, is. bd. 


A First Algebra. By W. M . Baker, M.A., 

and A. A. Bourne, M.A. u. bd.; or with 
Answers, 2S. 

A First Geometry. By W. M. Baker, 
M.A.,and A. A. Bourne, M.A. With or 
without Answers, is. bd. 

Elementary Mensuration. Bv W. M. 

B.vker, M.A.,and A.A.Bourne,M.A. is.bd. 


Other Mathematical Works 

The Mathematical Gazette. Edited by Bell’s New Practical Arithmetic. By 
F. S. Macaulay, M. A., U. Sc. j F. W. Hill, W. J. Stainer, M.A. 1st, 2nd, 3rd, 4th, 

M.A. ; and W. J. Greenstrket, M.A. sth and 6th Years, paper, 3d. each, cloth. 

Published in Jan, ‘March, May, July, Oct. 4'^* each; 7th Year, paper, 4d,, cloth, bd. 

and Dec. 8vo. iJ.6d.net. Teachers’ Books, 8d. net each Year. 

The Teaching of Elementary Mathe- Bell’s New Practical Arithmetic Test 
matics, being the Reports ot the Committee Cards, for the 2nd, 3rd, 4th, 5th, 6th, and 

of the Mathematical Association. 6d.net. 7th years, u. 3d. net each. 

The Teaching of Mathematics in Fre> Graduated Exercises in Addition ^Simple 
paratory Schools. Report of the and Compound). By W. S. Beard, ij. 
Mathematical Association Committee, Algebra for Elementary SchOOlB. By 
Nov., 1907. 3d. W. M. B.\ker, M.A., and A. A. Bourne, 

M.A. Three stages, bd. each. Cloth, 8d. 

A New Shilling Arithmetic. By C. each. Answers, 4.. net each. 

Penulebury, M.A., and F. E. Robinson, A First Year’s Course in Geometry 
M.A. I.T. ; or with An.swers, u. 4d. and PhysicS. By Ernest Youno, M.A., 

A Shilling Arithmetic. By Charles I B.Sc. 2J. 6d. Parts I. and II. is.bd.; or 

Pendi.kbury, M.A., and W. S. Beard, Part III. u. 

F.R.G.S. iJ. With Answers, ir.4d. Trigonometry, Examination Papers in. 
Elementary Arithmetic. By the same By G. H. Ward, M.A. aj.6d. Key, 3/. net. 

Authors. IJ. 6d. With or without Answers. Euclid, The Elements Of. The Enuncia- 
Graduated Arithmetic, for junior and tions and Figures. By the late J. Brasse, 

Private Schools. By the same Authors. D.D. it. Without the Figures, 6d. 

In seven parts, in stiff canvas covers. Hydromechanics. By W. H. Besant, 
Parts I., II., and III., 3d. each ; Parts IV., Sc.D., and A. S. Ramsey, M.A. Part I., 
V., and VI., 4d. each ; Part VII., 6d. Hydrostatics, bs . 

Answers to Parts I. and II., 4d. net; Hydrodynamics, A Treatise on. By A. B. 
Parts III.-VII.,4d. net each. Basset, M.A., F.R.S. VoI, 1 . ioj. 6d, 

Arithmetic for the Standards (Scheme Voi. ii. us . bd . 

B). standard I., sewed, ad., cloth, 3d,; Hydrodynamics and Sound, An Elemen- 

11., III., IV., and V., sewed, 3d. each, cloth, tary Treatise on. By A. B. Basset, M.A., 

4d. each; VI. and VII., sewed, 4d. each, F.R.S. 8 j. 

cloth, bd . each. Answ'ers to each Stand- Physical Optics, A Treatise on. By A. B.‘ 
ard, 4d. net each. Basset, M.A., F.R.S. i6j. 

Test Cards in Arithmetic (Scheme B). Elementary Treatise on Cubic and 
ByC.PENDLEuuRY.M.A. For Standards II., QuartiC Curves. By A. B. Basset, M. A., 

111., IV.. V., VI. and VII. u. net each. F.R.S. ioj. 6d. 

Examination Papers in Arithmetic. By Analytical Geometry. By Rev. T. G. 
C. Penulebury, M.A. 2s. bd. Key, 51. net. Vyvyan, M.A. 41. 6d. 



Select Educational Catalogue 9 


Book-keeping 

Book-keeping by Double Entry, Theo- I Book-keeping, Graduated Exercises and 
jetical. Practical, and for Examination Examination Papers in. Compiled by P. 
Purposes. By J. T. Meuhurst, A.K.C., Murray, F.S.S.S., F.Sc.S. (Lond.). ai. 61 . 

F.s.s. IS. (id. Text-Book of the Principles and Prac- 

Book-keeping, Examination Papers in. tice Of Book-keeping and Estate* 

Compiled by John T. Mbdhurst, A.K.C.. Office Work. By Prof. A. W. Thomsv.a, 
F.S.S. 3f. Key, aj.6d. net. • B.Sc. fj. 


ENGLISH 


Mason’s New English Grammars. Re- 

vi&ed by A. j. Ashton, M.A. 

A Junior English Grammar, is. 
Intermediate English Grammar, zs. 
Senior English Grammar, 31. (id. 

GRAMMARS 

By C. P. Mason, B.A., F.C.P. 

First Notions of Grammar for Young 
Learners, ir. 

First Steps in English Grammar, for 
Junior Classes, u. 

Outlines of English Grammar, for the I 
Useof Junior Classes, a;. I 

English Grammar; including the principles j 
of Grammatical Analysis, jr. 6d. 

A Shorter English Grammar, s'* 
Practice and Help in the Analysis of 
Sentences. 2 s. 

English Grammar Practice, u. 

Elementary English Grammar through 
Composition. Bv J. u. Kose, m.a. \s. 
Preparatory English Grammar. By 

W. Ben.sov, M.A. 8d. 

Rudiments of E^lish Grammar and 
Analysis. By Ernk.st Ada-ms, Ph.G. ir. 
Examples for Analysis in Verse and 
Prose. Selected by F. Eowards. li. i 
The Paraphrase of Poetry. By Edmund , 
Candler, ij. 6./. I 

Essays and Essay-Writing, for Public 
Examinations. By A. W. Ready, B.A. ] 

ti. (id. 

Precis and Precis-Writing. Ry A. W. 

Ready, B.A. 31'. (id. Or without Key, 3/.6d. 
Elements ofthe English Language., By 
Ernest Adams, Ph.U. Revised by J. F, 
Davis, M.A., D.Lrr. 4;. 6d. 

History Of the English Language. By 
Prof.T. R. Lounsbi ry. 5x. 

Ten Brink’s Early English Literature. 

3 vols. 3i. 6fi. each. 

Introduction to English Literature. 

By Henry S. Pancoast, sr. 

Introduction to American Literature. 

By H. S. Pancoast. 4s. t>d. 


A New Primer of EngUsh Literature 

Bv T. G. Tucker, Litt.I)., and Walter 
hfuKDOCH, M.A. 2X. (id. 

Handbooks of English Literature. 

Edited by Prof. Hales, y, 6 d. net each. 

The Age of Chaucer. (1346-1400.) By F. J. 
Snell. 

The Aue of Transition (1400-1580). By 
F. I. S.'JELL, M.A. 2 vols. 

The Age of Shakespeare (1579-1631}. By 
Thomas Seccombe and J, W. Allen, 
a vols. Vol. I. Poetry and Prose. 
Vol. II. Drama. 

The Age of Milton. (1633—1660.) By 
the Rev. J. H. B. Mastrrman, M.A., 
with Introduction, etc,, by J. Bass 
Mullinoer, M.A. 

The Age of Dryden, (1660—1700*) By 
R. Garnett, LL.D., C.B. 

The Age of Pope. (1700—1744*) By 
John Dennis. 

The Age of Johnson. (i 744 -* 79 S*) 
Thomas Seccombe. 

The Age of Wordsworth. (1798—1832.) 
By Prof. C. H. Herford, Litt.D. 

The Age of Tennyson. (1830— 1S70*) By 
Prof. Hugh Walker. 

Notes on Shakespeare’s Plays. With 

Introduction, Summary, Notes (Etymologi- 
cal and Explanatory), Prosody, Grammati- 
cal Peculiarities, etc. By T. Duff Bar- 
nett, B.A. IX. each. 

Midsummer Night’s Dream. — Julius 

C®sar. — The Tempest. — Macbeth.— 

HenryV.— Hamlet.— Merchant of Venice. 

— King Richard II.— King John. — King 

Richard HI.— King Lear.— Coriolanus.— 

Twelfth Night.— As You Like It.— Much 

Ado About Nothing. 

1 Principles of English Verse. By c. M. 

Lewis, cs. net. 

Introduction to Poetry. By Raymond M. 

Alden. 5x. 

General InteUigence Papers. With 

Exercises in English Composition, ^y 

i G. Bluxt. 31 . 6d. 



10 


George Bell ^ Sons' 


? 

Bell’s English Texts for Secondary Schools 

Edited by A. Guthkelch, M.A. 

First Year. Seconp Year~co»i/</. 

Browning, The Pied Piper, and other Hakluyt's Voyages. A Selection edited by 
Poems. Edited by A. Guthkelch. 8/1. the Kev. A. G. Hall, B.A. it. 

Fairy Poetry. Selected and edited by Third Year. 

R. S. Bate, M.A. is. Coleridge, The Ancient Mariner; and 

Hawthorne's Wonder Book and T-angle- Selected Old English Ballads. Edited 
wood Tales. Selected and edited by H. by A. Guthkelch, M.A. is. 

Hampshire, M.A. ii. Selections from Boswell's Life of Johnson. 

Kingsley's Heroes. Edited by L. H.Pond, Edited by E. A. ]. Marsh, M.A. is, 
B.A. With 2 maps. is. Selections from Ruskin. Edited by H. 

Lamb, Tales from Shakespea^'e. Selected Hampshire, M.A. is. 
and edited by R. S. Bate, M.A. lod. Lockhart's Life of Scott. Selections edited 

by A. Barter, LL.A. is. 

Second Year. Fourth Year. 

Stories of King Arthur, from Malory and Charles Lamb, Selected Essays and 
Tennyson. Edited by R. S. Bate, M.A. Letters. Edited by A. Guthkelch, M.A. 
iJ. With Map of London, is. ^d. 

Charles Reade, The Cloister and the Chaucer, The Prologue to the Legend of 

Hearth, abridged and edited by the Good Women. Edited by A. Guth- 
Rev. A. E. Hall, B.A. is. kelch, M.A. is. 

Scott; A Legend of Montrose (Abridged), English Odes. Edited by E. A. J. Marsh, 
edited by F. C. Luckhurst. is. M.A. u. 


Bell’s English Classics 


Bacon’s Essays. (Selected.) Edited by 
A. E. Roberts, M.A. u. 6/1. 

Browning, Selections from. Edited by 

F. Ryland, M.A. »J. 6d. 

Strafforcl. Edited by E, H. Hiokby. 

is. 6/1. 

Burke’S Letters on a Regicide Peace. 

1. and 11. Edited by H. G. Keens, M.A., 
C.I.E. .V. ; sewed, ax. 

Byron’s Siege of Corinth. Edited by P. 

Hordern, ix. 6/1. : sewed, ix. 

Byron’s Childe Harold. Edited by H. 

G. Keens, M.A., C.I.F.. 31. 6/1. Also 

Cantos I. and II., sewed, ix. gd. Cantos 
III. and IV., sewed, ix. qd. 

Carlyle’s Hero as Man of Letters. 

Edited by Mark Hunter, M.A. a/.; 
sewed, ix. 6/1. 

— Hero as Divinity. Bv Mark 
Hunter, M.A. ax. ; sewed, ix. 6/1. 

Chaucer’S Minor Poems, Selections 
from. Edited by J. B. Biluerbeck, M.A., 
3X. 6/1.; sewed, ix. o/l. 

De Quincey’s Revolt of the Tartars 
and the English Mail-Coach. Edited 
by Cecil M. Barrow, M.A., and Mark 
Hunter, M.A., jx. ; sewed, ax. 

Revolt of the Tartars, separately, is. 6d. 

Opium Eater. Edited by Mark 

Hunter, M.A. 4s. 6/1.; sewed, y. 6/1. 
Ckildsmith’s Gk>od-Natured Man and 
She Stoops to Conquer. Edited by k. 

Deiohton. Each, ax. cloth ; is. 6d. sewed. 
The two plays together, sew^ed, ax. 6/1. 

— Traveller and Deserted Village- 

Edited by the Rev. A. E. Woodward, M.A. 
Cloth, ax., or separately, sewed, lod. each. 


Irving’S Sketch Book. Edited by R. G. 

Oxenham, M.A. Sewed, ix. 6 d. 

Johnson’s Life of Addison. Edited by 
F. Rvland, M.A. ax. 6/1. 

Life of Swift. Edited by F. Ryland, 

M.A. ax. 

Life of Pope. Edited by F. Ryland, 

M.A. ax. 6 d. 

The Lives of Swift and Pope, together, 
sewed, ax. 6 d. 

Johnson’s Life of Milton. Edited by F. 
Ryland, M.A. ax. 6/1. 

Life of Dryden. Edited by F. Ryland, 

M.A. ax. 6/1. 

%* The Lives of Milton and Dryden, 
together, sewed, ax. 6 d. 

— Lives of Prior and Congreve. 

Edited bv F. Ryland, M.A. ax. 
Kingsley’s Heroes. Edited by A. E. 

Roberts, M.A. Illustrated, ax. 

Lamb’s Essays. Selected and Edited by 
K. Deiohton, 3X. ; sewed, ax. 

Longfellow, Selections from, includ- 
ing Evangeline. Edited by M. T. Quinn, 
M.A. ax. 6/1.; sewed, is. 9/I. 

*4* Eva’^geline, separately, sew’ed, ix. id. 

Macaulay’S Lavs of Ancient Rome. 

Edited by P. Hordern, ax. 6/1. ; sewed, 

IX. q/1. 

Essay on Clive. Edited by Cecil 

Barrow, M.A. ax.; sewed, ix. 6/1. 

Massinger’s A NewWay to Pay Old Debts. 

Edited by K. Deightun. 3x. ; sewed, ax. 
Milton’S Paradise Lost Books ill. and IV. 
Edited by R. G. Oxenham, M.A. ax. ; sewed* 
IX. 6/1., or separately, sewed, loJ. each. 
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Bell’s English Classics— continued. 

Slilton’B Paradise Regained. Edited by i Shakespeare’s Julius C»sar. Edited by 
K. Deiqhton. ax. 6 d. ; sewed, is, gd. j T. Dufk Barnett, B.A. (Lond.), ax, 
Pone’8 Essay on Hul ^ited by F. i — Merchant of Venice. Edited by 

h 1^ i T. Dur» Barnett, B.A. (Lend.), u. 
Pope, Selections from. Edited by K. i m*...^*** 17 ... j u r» 

Deigbton. >t. 6i . ; sewed, ii. yd. 1 — ’•V Barnett. 

Scott’s Lady of the Lake. Edited by : B A- (lr<>'>d.i. 
the Rev. A. E. Woodward, M.A. jx. bd, ; WordSWOrth’S Excursion. Book I. 
The Six Cantos separately, sewed, 8 d. each, i Edited by M. T. Quinn, M.A. Sewed, ix. ^dt 


English Readings. 

With Introductions and Notes. i6mo. 

Burke : Selections. Edited by Buss Pekry. | Milton: Minor English Poems. Edited 
ax. bd. I bv Martin W. Sa.mh.son. ax. bd. 

B3n:on: Selections. Edited by F. i. Car- Swift : Prose Selections. Edited by 
hentkr. ax. 6</. I Freubrick C. Prescott. 2s.6d. 

Coleridge : Prose Selections. Edited by i Tennyson : The Princess. Edited by L. A. 

Henry A. Ukeks. ax. I Shkrman. 2 s. 

Dryden : Essays on the Drama. Edited j Thackeray : English Humourists. Edited 

by Willi. \.M Strunk, ax. 1 by William Lyon Pheu's. ax, 6(/, 


Readers 


York Readers, a new series of T.iterary j 
Readers, with Coloured and other Ulus- 1 
trations. j 

Primer I. 3 d. Primer II. ^d. } 

Infant Reader. 6/1. : 

Introductory Reader. 8/1. j 

Reader, Rook I, 9<1. Book II. lo/l. 
Book III. IX. Book IV. ix. 34 , Books 
V. IX. bd. : 

York Poetry Books. 3 Books, Paper 
covers, bd. each ; cloth, Hd. each. 

Poetry for Upper Classes. Selected by 
E. A. Helps. i.v. 6 d. 

Books for Young Readers, illustrated. 
bd. eacn 

xEsop’s Fables 

The Old Boat-House, etc. 

Tot and the Cat, etc. 

The Cat and the Hen, etc. 

The Two Parrots 1 The Lost Pigs ; 
The Story of Three Monkeys ; 

The Story of a Cat j 

Queen Bee and Busy Bee | Gu Ts Crag | 

Bell’s Reading Books. Continuous I 
Narrative Readers. Post 8vo. Cloth, j 
Illustrated. i.(. each 
Great Deeds in English History 
Adventures of a Donkey 
Grimm's Tales 
Great Englishmen 
Great Irishmen 
Andersen's Tales 
Life of Columbus 
Uncle Tom’s Cabin 
Swiss Familv Robinson 
Great Englishwomen 


Bell’s Reading continued. 

Great Scotsmen 
Edgeworth’s Tales 
Catty's Parables from Nature 
Scott’s Talisman 

Marryat's Children of the New Forest 

Dickens' Oliver Twist 

Dickens’ Little Nell 

Master man Ready 

Marryat's Poor Jack 

Arabian Nights' 

Gulliver’s Travels 
Lyrical Poetry for Boys and Girls 
Vicar of Wakefield 
Scott’s Ivanhoe 

Lamb’s Tales from Shakespeare 
Robinson Crusoe 

Tales of the Coast | Settlers in Canada 
Southey’s Life of Nelson 
Sir Roger de Covcricy 
Scott’s Woodstock 

BeU’s Literature Readers. Bound in 

Cloth. Price i.f, each. 

Fights for ihe Flag. By W. H. Fitchett, 
D.D. 

Deeds that Won the Empire. By W. H. 
Fitchktt, D.D. 

Six to Sixteen. By Mrs. Ewino. 

We and the World. By Mrs. Ewino. 
The Water-Babies. By Chas. Kinoslry. 
Tlie Last of the Mohicans. By J. Feni- 
MORE Cooper. 

Feats on the Fiord. By Harriet 
.Martineau. 

Parables from Nature. By Mrs. Ga'itv. 
The Little Duke. By Charlotte Yonoe. 
The Three Midshipmen. By W. H. G, 

I Kingston. 
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Headers — continued. 

Bell’s Supplementary Readers, liius- The Care of Babies. A Reading Book, 
trated. in Strong Paper Covers, od. each. for Girls* Schools, illustrated. Cloth, u. 
Great Deeds in English History Abbey SUltory Readers. Revised bv the_ 

Andersen’s Danish Tales Rt. Rev. E. A. Gasoukt, D.D. Fully Ulus- 

Great Irishmen | Great Scotsmen trated : 

Gatty’s Parables from Nature Early English History (to 1066). is, 

Scott’s Talisman Stories from English History, 1066-1485- 

Gulliver’s Travels | Arabian Nights is, 3d. 

Lamb’s Tales from Shakespeare The Tudor Period. (1485-1603). is. 3d. 

Sir Roger de Coverley The Stuart Period. (1603-1714). is.td. 

Bell’s Qeographical Readers. By M.J. The Hanoverian Period. (1714-1837! 
Barrington-Ward, M.A. is. 6d. 

The Child’s Geography. Illustrated. 6d. Bell’S History Readers. With numerous 
The Round World. (Standard II.) is. Illustrations. 

About England. (Standard III.) With Early English History (to 1066). is. 

Illustrations and Coloured Map. 11.4^. Stories from English History, io66-i4^<5. 

Bell’s Animal Life Readers. Designed to i.r. 3d. 
inculcate humane treatment of animals. The Tudor Period (1485-1603). 15.3//. 

IlluRtrated by Harrison Wrir and others. The Stuart Period (1603-1714). is. (sii. 

%* Full Prospectus on application. The Hanoverian Period (1714-1837). is.bd. 

MODERN LANGUAGES 
French and German Class Books 

Bell’s French Course. By R. P. athkrton, : Materials for French Prose Com- 
M.A. Illustrated, a Parts, is. bd. each. I position, p. Key, 6.r. net. 

Key to the Exercises, Part I., 6./. net ; ! ProsateUTS Contemporains. 3s, bd. 

Part II., I net ! Le Petit Compagnon; a French Talk- 

Bell’S First French Reader. By R. P. j Book for Little Children, is.bd. 

Atherton, M.A. Illustrated, u. By the Rev. A. C. Clapin 

The Direct Method Of Teaching French. ' French Grammar for Public Schools. 

By D. Mackav, M.A., and F. J. Curtis, i ar. bd. Key, 3s. bd. net. 

Ph.D. i French Primer, is. 

First French Book. u. net. : Primer of French Philology, it. 

Second French Book. is. bd. net. E^lish Passages for Translation into 

Teachers’ Handbook. IS, net. Irencb. 2s. bd. Key, 41. net. 

Subject Wall Picture (Coloured). 7/. 6d. A German Grammar for Public Schools. 

net. ! 2s, bit. 

French Picture-Cards. Edited by H. N. j Spanish Primer, is. 

Adair, M.A. Drawn by M.vry Williams, j 

Sixteen Cards. Printed in Colours, with | Bell’S First German COUTSe. ByL. B.T. 
questionnaire on the back of each. n. 3d. (‘hafkky, M.A. 2f. I 

net. Bell’s first German Reader. By L. B. T. 

Bell’s Illustrated French Readers. Cmaffey. m.a. illustrated, is. 

Edited by o. H. Prior, B. A. German Historical Reader. By J. E. 

Talcs by Erckmann-Chatrlan. First Mallix, B.A. 2s. 

Series. Second Series. Third Series, is. BuddenbroOk: Bin Schultag. Edited bv 
French Historical Reader. By H. N. j. E. Mallin, b.a. illustrated. 

Adair, M.A. Third Edition, with a new Materials for German Prose Com- 
Composition Supplement, 2/. ; or without position. By Dr. C. A. Buchheim. 4s. od. 
Supplement, is, bd. Supplement separ- A Key to Pts. I. and IL, 3/. net. Pts. III. 
atcly, bd. net. and IV., 4s. net. 

Stories and Anecdotes for Translation { First Book of German Prose. Being 
into French. By Carl Heath, is. Parts 1 . and II. of the aboi’e, with 

Essentials of French Grammar. By Vocabulary, is.bd. 

H. WiLSHiRE, M.A. ij. bd. Kurzer Leitfaden der Deutschen Dich- 

Gaso’s Ftench Course tung. By A. E. Coh. 2/. bd. 

First French Book. u. Military and Naval Episodes. Edited 

Second French Book. is. bd. by Professor a lo vs Weiss, Pm.D. 3s, 

Key to First and Second French Books. History of German Literature. By 

3^. bd. net. I Professor Kuxo Frances. 10/. net 

Ftench Fables for Beginners, is. bd. i Handbook of German Literature, By 
HlStOiresAmUSantesetlnstructiveS. is. i Mary E. Phillips, F.L.A. 2s. bd. 
Practical Guide to Modem French i Practical German Grammar. By Calvin 
Conversation, is. 6d. j Thomas. 5.^. 

French Foetiy for the Young. With | German Reader and Theme-Book. By 
Notes. li. 6d. i Calvin Thomas and W. Hervey. 4J. 6</. 
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Gasc’s French Dictionaries 

FRENCH-ENOUSH AND ENOUSH-FREKCH DICTIONARY. Large 8ro. iar.6<l. 
CONCISE FRENCH DICTIONARY. Medium i6mo. jr. 6d. Orin Two Parts, r/.each. 
POCKET DICTIONARY OF THE FRENCH AND ENGLISH LANODAOES. i6mo. uM. 


French and German 

F^^nelon. Avcntures de Tdlemaque. By 
C. 1. Delille. 2s. 6d, 

La Fontaine. Select Fables. By F. E. A. 
Gasc. is. bd. 

Lamartine. LeTailleur de Pierres de S.aint* 
Point. By J. Boiklle, B.-cs-L. is.6d. 

Saintine. Plcciola. ByDr. Dubuc. is.bd. 

Voltaire. CharlesXII. By L. Direy. is.6d. 
Gombert’s French Drama. Re>edited, 
with Notes, by F. H. A. Gasc. Sewed, 
6d. each. 

MOll^re. Ee Misanthrope.— L'Avare. — 
Le BourgeoisGenti Ihomme. — LeTartuffc. 
— Le Malade Imaginaire. — Les B'emmes 
Savantes.— Les Fourberies de Scapin. — 
l.es Prdcieuses Ridicules.— L'Ecole des 
Femmes. — L’Ecole des Maris. — Le 
Medccin Malgrd Lui. 

Racine. La Thebaule. — Les Plaideurs. — 
Iphigenie. — Britannicus. — PhWre. — 
Esther.— Athalic. 


Annotated Editions 

Corneille. Le Cid. — Horace,— Cinna. — 
Polyencte. 

Voltaire. Zaire. 

German Ballads from Uhland. Goethe, 
and Schiller. By c. L. Bielekeld. 

IS. 6d. 

Goethe. Egmont. By Professor R. W. 

DeERI.VG. 2S. t)d. 

Faust. Erstcr Theil. By Julius 

Goebel, sj. 

Goethe. Hermann und Dorothea. By E. 

Bell, M.A., and E. WoLFEL. is. 6d. 
Lessing. Minna von Barnhelm. By 
Professor A. H. Nichols, 2 s. 6d. 

Schiller. Wallenstein. By Dr. Buchhbim. 
Sr. Or the Lager and Piccolomini, ar. 6d. 
Wallenstein’s Tod, ar, 6d. 

Maid of Orleans. By Dr. W. Waoner, 

ir. 6d. 

Maria Stuart. By V. Kastner. ir, 6d. 


Bell’s Modern Translations 

A Series of Translations from Modern Languages, with Memoirs, 
Introductions, etc. Crown 8vo. is. each 


Dante, inferno. Translated by the Rev. 
H. F. Cary, M.A. 

— Purgatorio. Translated by the Rev. 
H. F. Cary, M.A. 

— Paradiso. Translated by the Rev. 
H. F. Cary, M.A. 

Goethe. Egmont. Translated by Anna 

SWANWICK. 

Iphigeniain Tauris. Translated by Anna 

SWANWICK. 

Goetz von Berlichingen. Translated by 

Sir Walter Scott. 

— Hermann and Dorothea. Translated by 
E. A. Bowring, C.B. 

Hauff. The Caravan. Translated by S. 
Mendel. 

— The Inn in the Spessart. Translated by 
S. Mendel. 

Lessing. Laokoon. Translated by E. C. 
Beasley. 

— Nathan the Wise. Translated by 
R. Dillon Buylan. 


! Lessing. Minna von Barnhelm. Translated 
1 by Ernest Bell, M.A. 
i Molibre. Translated by C. Heron Wall, 
1 8 vols. The Misanthrope. — The Doctor in 

; Spite of Himself. — Tartutfe. — The Miser. — 
i The Shopkeeper turned Gentleman. — The 
Affected Ladies. — The Learned Women. — 
j The Impostures of Scapin. 

Racine. Translated by R. Bruce Boswell, 

I M.A. S vols. Athalie.— Esther.— Iphi- 
I genia.— Andromache.— Britannicus. 

Schiller. WilUam Tell. Translated by 
Sir Theodore Martin, K.C.B., LL.D. 
New edition^ entireh' revised, 

The Maid of Orleans. Translated by 

Anna Swan wick. 

Mary Stuart. Translated by J. Mellish. 

Wallenstein’s Camp and the Piccolo- 

mini. Translated by J. Churchill and 
S. T. Coleridge. 

The Death of Wallenstein. Translated 

by S. T, Coleridge. 


*** For other Translations from Modern Languages, see the Catalogue of 
Bohn's Libraries, which will be forwarded on application. 



14 


George Bell Sons' 


SCIENCE AND TECHNOLOGY 

Detailed Catalogue sent on application 


Elementary Botany. By Percy Groom, 
M.A.,D.Sc., F.L.S. With 375 Illustrations. 


3J. til. 

Elementary Botany. By G. F. Atkinson, 
Ph.B. 6s. 

A Laboratory Course in Plant Physio- 
logy. By W. F. Ganon'g, Ph.D. *jj. bii. net. 

The Botanist’s Pocket-Book. By W. R. 

Hayward. 4s. 6rf. 

An Introduction to the Study of the 
Comparatiye Anatomy of Animals. 
By G. C. Bourne, M.A., D.Sc. With 
numerous Illustrations, a Vols. 

Vol. I. Animal Organization. The Pro- 
tozoa and Cmlenterata. Revised Edition, 6s. 
V'ol. II. The Coilomata. 4s. 6./. 

A Manual of Zoology. By Richaro Hert- 
wiu. Translated by Prof. J. S. Kingsley. 
Illustrated, las. 6 d. net. 

urious and Useful Insects. An Intro- 

uction to the Study of Economic Ento- 
mology, By Professor L. C. Miall, F.R.S. 
With 100 illustrations. 3/. 6d. 

An Introduction to Chemistry. By D.s. 
Macnair, Ph.D., B.Sc. 2s. 


Chemical Laboratories for Schools. 

Hints to teachers as to the method of plan- 
ning and fitting up a school laboratory and 
of conducting a school course in Chemistry. 
By D. S. Macnair. 6 </, 

Elementary Inoreanic Chemistry. By 
Professor James Walker, D.Sc. 3s. 6d, 

Introduction to Inorganic Chemistry. 

By Dr. Alexander Smith, p. 6d. net. 

Laboratory Outline of General Chem- 
istry. By Dr. Alexa.nder Smith. 2s. t<l. 

General Chemistry for Colleges. By 
I)r. Alexander Smith. 6s. 6 ( 1 . net. 

A Text-book of Organic Chemistry. B> 

VV'm. a. Noyes. 6s, net. 

First Year’s Course in Practical 
Physics. By James Sinclair, is. 6d. 
Second Year’s Course in Practical 

Physics. By James Sinclair, is. 6d. 

Third Year’s Course in Practical 
Physics. If. 61L 

Turbines. By W, II. Stuart Garnett. 
8vo. $s. net. 

Electrons. By Sir Oliver Lodge, D.Sc., 
F.R.S. 8vo. '6f. net. 


Technological Handbooks 

Edited by Sir H. Trueman Wood 

Specially adapted for candidates in the examinations of the City and 
Guilds Institute. Illustrated 


Woollen and Worsted Cloth Manufac- 
ture. By Prof. Roberts Beaumont, p.bd. 
Soap Manufacture. By W, Lawrence 
Gadd, F.I.C., F.C.S. Sf. 

Plumbing; it Principles and Practice. 

By S. Stevens Hellyer, 5/. 

Gas Manufacture. By j. Hornby, F.I.C. 

Silk-Dyeing and Finishing. By G. H. 

Hurst, F.C.S. p. 6d. 

Printing- A Practical Treatise. By C. T. 

|,\C 0 Bi. p. 6d. 


Cotton Spinning: Its Development, 
Principles, and Practice. By R. Mars- 

DE.V. 6.». 6d. 

Cotton Weaving: Its Development, 
Principles, and Practice. By R. Mars- 

DEN. lOS. t/l. 

Coach Building. By John Philipsun, 
M.Inst.M.E. 6s. 

Bookbinding’ By J. W. Zaehnsdorp. 5j. 
The Principles of Wool Combing. By 

Howard Priestman, 6/. 


Music 


Music, A Complete Text-Book of. By Music, A Concise History ol By Rev. 
Prof. H. C. Banister. 5/. H. G. Bonavia Hunt, Mus. Doc. y» od. 


POLITICAL ECONOMY 

Detailed List sent on application 



Select Educational Catalogue 


15 


MENTAL AND MORAL SCIENCE 

Psychology : An Introductory Manual for : History Of Modom Philosophy. By R» 
University Students. By F. Ryland, M.A. | Falckbnbero. Trans, by Prof, A. C, 
•With lists of books for Students, and ; Armstbono. i6j. 

j Bacon’s Novum Organum and Advance- 

Ethics : A^’lntrodulrtory Manual for the use j Of Loaming. Edited by J. Deve y, 

of University Students. By F. Ryland, .. 

M.A. 3/. 6d. Heel's Lectures on the Philosophy of 

Ethics. By John Dewey and James H. | Translated by J. Sibree, M.A. 

Tufts. 8 j. 6 d. net. I Small post 8vo. Ss. 

Everyday Ethics. By E. L. Cabot. 51. net. , Kant’s Critique of Pure Reason. Trans- 
Logic. An Introductory Manual for the use ' lated by 1 . M. D. Meiklejohn. 5j. 
of University Students. By F. Rvmnd. 

The P^dlplM Of Logic. By Prof. H. A. i Translated hy 

AlKlNS, Ph.D. 6/. 6d. I WELFOltr liAX. iX. 

Handbook of the History of Phil- ' Locke’s Philosophical Works. Edited by 
OBOphy. By E. Belfort Bax. 5j. ' J.A. St. John. 2 vols. 3^. 6d. each. 

Modern Philosophers 

Edited by Professor E. Hershey Sneath 


Descartes. The Philosophy of Des- 
cartes. Selected and Translated by Prof. 
H. A. P. Torrey. bs. net. 

Hume. The Philosophy of Hume. 

Selected, with an Introduction, by Prof. 
Herbert A. Aikins. 4s. net. 


Locke. The Philosophy of Locke. By 

Prof. John E. Russell. 4s. net. 

Reid. The Philosophy of Reid. By e.. 

Hershey Sneath, Bh.D. 6 s. net. 

Spinoza. The Philosophy of Spinoza. 

Translated from the Latin, and edited with 
Notes by Prof, G. S. Fullerton. 6 s, net. 


HISTORY 


Lingard’s History of England. Newly 
abridged and brought down to 1902. By 
Dom H. N. Birt. With a Preface by 
Abbot Gasquet, D.D, With Maps, 3 j. ; 
or in 2 vols. Vol. I. (to 1485), 2f. 61I. 
Vol. II. (1485-1903), 3r. 

A Junior History of England. By E. 

Nixon. Illustrated, is. 6ti. 

A Practical Synopsis of English Hist- 
ory. By Arthur Bowes, ij. 

Strickland’s Lives of the Queens of 

England* 6 vols. $s. each. 

%* Abridged edition for the use of Schools 
and Families. 6 j. 6d. 

An Atlas of European History. By 

Earlf. W. Dow. 6s. net. 

Mediaeval Europe, 395-1270. By Charles 
Bemont and G. Monod. Translated under 
Ulic Editorship of Prof. G. H. Adams. 
6j. 6d. net. 

Dyer’s History of Modem Europe, -d 

neiv edition. Revised throughout and 
brought up to date by Arthur Hassall, 
M.A. 6 vols. With Maps, 35. 6fL each. 

The Foundations of Modern Europe. 


Life of Napoleon I. By John Holland 
Rose, Litt.D. 2 vols, ioj.net. 

Carlyle’s French Revolution. Edited 
by ]. Holland Rose, Litt.D. 3 voKs. 
Witli numerous Illustrations. i$s. 
Michelet’s History of the French Revo- 
lution from its earliest indications to the 
Hight of the King in 1701. jj. 6d. 

Mignet’s History of the mnch Revo- 
lution, from 17S9 to 1814. 3J. 6d. 
Oregorovius’ History of the City of 
Rome in the Middle Agea Translated 
by Annie Hamilton. 8 vols. 3J. net. 
Also sold separately. 

Select Historical Documents of the 

Middle Ages. Translated and edited by 
Erne.st F. Henderson, Ph.D. 5j. 

Menzel’s History of Germany. 3 vois. 

3J. 61I. each. 

Ranke’S History of the Popes. Trans- 
lated by E. Foster. New Edition. 
Revised. 3 vols. 2J.net each. 

Ranke’S History of the Latin and. 
Teutonic Nations. Revised I ranslation 
by (i. R. Dennis, B.A. \Vithan Introduc- 
tion by Edward Armstrong, M.A. 6s. net. 


By Dr. Emil Reich. 5j. net. 

For other Works of vahe to Students of History, see Catalogue of Historical Books 
sent post free i n application 

ART 


*** Messrs, BelVs Catalogue of Books for Art Students will he sent to any 
address on application 




WEBSTER’S 

INTERNATIONAL DICTIONARY 

TIE BEST PMCIICIL DICTIONABT OF THE EBCIISI UKGUiCE , 

New Edition, revised and enlarged, with a Supplement of 25,000 
words and phrases 

Medium \to. 2,348 pages, 5,000 Woodcuts 

THE BEST FOR TEACHERS AND SCHOOLS 

Rev. JOSEPH 'WOOD, D.D., Head Master of Harrow School: — “I have always 
thought very highly of its merits. Indeed, I consider it to be far the most accurate 
English dictionary m existence. For daily and hourly reference, * Webster’ seems to me 
unrivalled.'* 

Rev. G. C. BELL, M.A., Head Master of Marlborough College : — ** I have taken time to 
test its usefulness, and I can say without reser\e that 1 have found it most interesting and 
valuable. Constantly I turn to it for an answer to questions suggested in reading or con- 
versation, and I always find help. I wish I had made acquaintance with it earlier." 

Rev. G. H. RENDALL, M.A., Litt.D., Head Master of Charterhouse School: — 
** During the last six months I have tested your dictionary by frequent use as occasion 
arose. It is a masterpiece of directness and compression, and the devices of type and 
niched pages do much to assist speedy reference. When once their contents are realized, 
the Literary, Biographical, and Geographical Gazetteers appended at the end are an 
invaluable addition to one's reference shelf.” 

Rev. J. GOW, M.A., Litt.D., Head Master of Westminster School :—•** As I turn over 
the leai'es and consider the amount of th9ught and of various labour that must have been 
expended on this extraordinary book, I cannot but think it at least as remarkable as the 
Pyramids or the Coliseum.” 

Dr. J. H. MURRAY, Editor of the Oxford English Dictionary :—** It is a wonderful 
volume, which well maintains its ground against all rivals on its own lines. The ‘defini- 
tions * or more properly ‘explanations of meaning* in ‘Webster’ have always struck me 
as particularly terse and well put ; and it is hard to see how anything better could be done 
within the limits.** 

Professor JOSEPH WRIGHT, M.A., Ph.D., D.C.L., LL.D., Editor of the English 
Dialtet Dictionary: — ” The new edition of Webster* s International Dictionary is undoubtedly 
the most useful and reliable work of its kind in any country. No one, who has not 
examined the work carefully, would believe that such a vast amount of lexicographical 
information could possibly be found within so small a compass." 

Dr. T. J. MACNAMARA, M.P,, says; — ‘‘I have had it at my elbow dusing six weeks* 
hard labour — professional and literary. How I got on without it before I can’t imagine. 

I have found it absolutely impregnable to the critical investigator anxious to detect short- 
comings. It is simply abreast of every development, whether in the field of literature, 
science, or art. No scliool and no teacber can afford to be without it.** 

Send for ILLUSTRATED PAMPHLET, containing hundreds of othev 
Testimonials, atid also Specimen Pages, Prices in all Styles of BUiding, &c. 
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